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Abstract

We introduce a new mechanism for one-sided matching markets, inspired by proce-
dures currently being used to match millions of students to public universities in Brazil
and China. Unlike most mechanisms available in the literature, which ask students for
a full preference ranking over all colleges, they are instead sequentially asked to make
choices among sets of colleges. These choices are used to produce, in each step, a tenta-
tive allocation. If at some point it is determined that a student cannot be accepted into
a college, then she is asked to make another choice among those which would tentatively
accept her. Participants following the simple strategy of choosing the most preferred
college in each step is a robust equilibrium that yields the Student Optimal Stable
Matching. We also provide an extension in which, after running the sequential mech-
anism for a number of steps students are asked to submit a ranking over the colleges
that are still within reach. This constitutes a novel approach to matching mechanisms.
We show that the initial sequential stage clears a substantial part of the market before
the rankings submission. This finding, together with empirical and simulation results,
makes our proposal an attractive alternative to the sequential mechanisms currently be-
ing used and the standard Gale-Shapley Deferred Acceptance mechanism for practical
applications.
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1 Introduction

The field of market design has developed rapidly in recent years, both in terms of the range
of objectives that are studied — different notions of efficiency, stability, fairness, etc. — and
also in the number of applications and their evaluations, in the field and in the lab. In the
typical framework, the attainability of a given objective is evaluated in terms of mechanisms
that request the relevant agents to submit preferences over sets of outcomes, before a clear-
inghouse then combines them using some predetermined criteria to produce an allocation.
This induces a game in which the action space of the participants consists of the preferences
they submit. By studying the incentive properties of these games, one can then see how
equilibrium outcomes relate to the objectives of the market designer. These mechanisms,
therefore, have two common properties: they are direct (in the sense that the participants
are asked for their relevant types, in this case their preferences,) and induce a simultaneous
move game: all agents simultaneously interact only once.

There are many theoretical and practical reasons for using and focusing on direct mech-
anisms. First, the revelation principle guarantees that nothing is lost by using direct mecha-
nisms as opposed to alternative action spaces. Second, in the induced games the participants
have a simple strategy space, whereas strategies in sequential games may consist of large
sets of contingency plans over information structures. Finally, if truth-telling is a dominant
strategy (i.e., the mechanism is strategy-proof), the game can be understood as being very
simple for a participant, with truth-telling being the expected behavior.

In this paper we follow a different path and propose a family of sequential mechanisms
for implementing stable outcomes in many-to-one matching markets. These are problems
for which there is already a well-known strategy-proof direct mechanism, namely the Gale-
Shapley student-proposing deferred acceptance procedure (DA). In the mechanisms we pro-
pose, instead of requesting from each participant a full preference over all private outcomes,
they are instead repeatedly asked to make choices, which are used to produce tentative al-
locations. Some information about these allocations may be given back to the participants,
before asking them for further choices, until a final allocation is produced. The mechanism,
therefore, resembles a sequential implementation of DA, in which instead of using a pref-
erence ranking submitted by the agents to make the choices during the process, the agents
themselves are repeatedly asked to make choices from sets of available options. We term
them by iterative deferred acceptance mechanisms, and use two main reasons to justify this
departure.

First, the last few years have seen the emergence of uses of iterative mechanisms for



matching students to schools and colleges, some of them on a very large scale. Prominent
examples are the college admission mechanism for the Chinese province of Inner Mongolia
[Chen and Pereyra, 2016, Gong and Liang, 2016|, used for matching more than 200,000
students to universities per year, the SISU mechanism, used to determine where more than
two million prospective university students per year are matched, among public universities
in Brazil, and the mechanism currently being used in the German university admissions
[Grenet et al., 2017]." The use of these procedures has been made possible, in practice, by the
Internet, which allows students to easily interact multiple times with a central clearinghouse
via a website or even a mobile application. Although the procedures being used improve upon
many aspects of the ones previously in place, an evaluation of its theoretical and empirical
properties is imperative, given the potential impact on large numbers of students.

Second, there are reasons why the standard DA mechanism may not have the desired
theoretical properties and outcomes, especially in large-scale college admissions, where there
are thousands of options available to the students. One is that students are, in practice,
either restricted to list a limited number of options, or even if they could do so it is actually
impractical to require students to rank all of those options in a way that truly represents
their preferences. As shown in Haeringer and Klijn [2009], when lists are restricted, truth-
telling is no longer a dominant strategy, and equilibria may not be stable. That is, the two
main benefits of DA are eliminated. Another one is that there is empirical and experimental
evidence that the strategic simplicity of DA may not be matched by an understanding, on
the part of the agents, of its incentives [Chen and Sénmez, 2006, Pais and Pintér, 2008,
Ding and Schotter, 2017, Rees-Jones, forthcoming, Hassidim et al., 2015, Chen and Pereyra,
2015]. Finally, recent experimental evidence shows that iterative versions of DA outperform
the standard one in the proportion of stable outcomes and truth-telling rates [Klijn et al.,
2016, Bo and Hakimov, 2016].

This paper is divided into three parts. In section 2 we analyze the mechanism currently
being used to match students to public universities in Brazil, denoted SISU. Under the SISU
mechanism, students are repeatedly asked to choose one college from the list of options avail-
able. At the end of each of four days, cutoff grades, which represent the tentative minimum
requirements for acceptance at each college, are made public. Students are then allowed to
change their choice in response to that information. After a predetermined number of steps,
the last choices made are used to produce an allocation. We show that the SISU mechanism

has some undesirable theoretical properties: it may fail to give reliable information about

! Another example of current use of iterative mechanisms is the school district in Wake County, NC. [Dur
et al., forthcoming]



where students could be accepted, and it is subject to a new type of manipulation, denoted
manipulation via cutoffs. Using detailed data on the values of the cutoffs at the end of each
day during the selection process that took place in 2016, we show that the first problem is
empirically relevant, that is, that the cutoff values produced by it often constitute unreliable
information for the students. Manipulation via cutoffs are situations in which groups of stu-
dents with high exam grades temporarily inflate the cutoff grades at some colleges and change
their options in the last step, with the objective of reducing the competition faced by specific
low-grade students. We show that, due to specific characteristics of college admissions in
these countries, these manipulations are feasible both in Brazil and in Inner Mongolia, and
provide anecdotal evidence that they take place in real life in the latter.

In the second part, in section 3, we introduce the Generalized Iterative Deferred Accep-
tance Mechanism (GIDAM), as well as its special case for the exam-based college admissions,
the Iterative Deferred Acceptance Mechanism (IDAM). Both of them are free from the prob-
lems identified above. Similarly to the SISU mechanism, under the GIDAM students are
repeatedly asked for choices from sets of options until an allocation is produced. It differs,
however, in other dimensions. In every step, it restricts students to only choosing colleges
which would accept them given other students’ choices in that step. Also, it introduces

“commitment”

in students’ choices: students are not allowed to change their choices unless
the previous ones are no longer feasible. Moreover, it allows students to submit partial
rankings (as opposed to single colleges) in each step, and for different contractual terms
between students and colleges (such as with and without funding). When students follow
the simple strategy of choosing the most preferred college among those available at each step
(denoted the straightforward behavior),” the matching produced after a finite number of steps
is the Student Optimal Stable Matching, that is, the matching that is the most preferred by
all students among all stable matchings (Proposition 1). Moreover, students following the
straightforward behavior constitute a robust equilibrium in which any deviating strategy is
stochastically dominated by following the equilibrium one (Theorem 1). This result comes
from the fact that, with the modifications introduced with respect to the SISU, deviating
strategies are indistinguishable, from the perspective of an observer, from the straightforward
behavior for some different preferences.

In the third part, we show that the comparison between DA and IDAM presents a trade-
off between the length of submitted preferences in DA and the number of steps that IDAM

takes to produce its outcome. Section 4 evaluates this trade-off through theoretical and

2As we will show later, the straightforward behavior includes students also submitting (possibly con-
strained) rankings over available colleges.



simulation results. We run simulations comparing the number of steps it takes for the IDAM
mechanism to produce an outcome and the minimum length of a rank-ordered list necessary
for truth-telling to be an equilibrium in DA. These show that the relative advantage of the
IDAM is higher when the students to seats ratio is higher. Interestingly, when the number
of students equals the number of seats, the simulations also show that IDAM produces an
outcome in fewer steps in scenarios where DA needs longer rank ordered lists and vice-versa.

Finally, we present a new mechanism for matching students to colleges, which is a “hybrid”
between iterative mechanisms and DA, denoted IDAM-+DA. It consists of two parts. First,
we run a pre-specified number of steps of IDAM. After that, we ask students to submit a
ranking over those colleges still available to each of them after these initial steps, and then
execute a deferred acceptance procedure over this “residual” problem. This being a special
case of the GIDAM mechanism, truthful behavior is also a robust equilibrium, producing the
student-optimal stable matching. That is, during k steps, students are asked to choose among
all options available, and if rejected to make new choices among the remaining, still feasible,
options. After these k steps, the minimum grade required for being accepted at some colleges
are such that some students, especially those who have average or low exam grades, see a
substantial reduction in the number of colleges where they may still be matched. Students
are then requested to submit a preference ranking over the remaining options. By using a
model with a continuum of students, we show that when students are ranked in the same
way by all colleges these initial steps clear a significant proportion of the market, that is, a
large number are matched to their final outcome with these steps (Proposition 5). Moreover,
the marginal gain is higher in the first steps. This implies that by running a small number
of steps of IDAM before the “residual DA” problem we clear the market for many students,
and also as a result reduce the set of remaining options that students need to rank. These
results are robust to more general settings, as is shown in simulations with more general
settings. The IDAM-+DA mechanism is, therefore, a new and appealing alternative for DA
for a policymaker. It runs for a pre-specified number of steps, clears the market for a large
proportion of students with a small number of choices, and greatly reduces the size of the

ranking that is necessary to ask students to submit in the last step.

1.1 Related literature

This paper mainly relates to two lines of research in market design. One is the family of
works which evaluate, from both a positive and a normative perspective, mechanisms that

are being used in the field in college admission and school choice. While evaluating the col-



lege admission process in Turkey, Balinski and Sénmez [1999] showed that the Gale-Shapley
student-proposing deferred acceptance procedure (DA) [Gale and Shapley, 1962| is character-
ized as the “best” fair mechanism, in that it is strategy-proof and Pareto dominates any other
fair mechanism (that is, it is constrained efficient). In fact, variations of the DA mechanism
are used in many real-life student matching programs around the world. Examples of the use
of the DA mechanism include the college and secondary school admissions in Hungary [Biro,
2011], the high school admissions in Chicago [Pathak and Sénmez, 2013, the New York City
[Abdulkadiroglu et al., 2009] and the elementary schools in Boston [Abdulkadiroglu et al.,
2006). Other mechanisms, such as the college-proposing DA, top trading cycles, the so-called
“Boston mechanism” and the “Parallell mechanism” are used to match millions of students to
schools and colleges around the world [Chen and Kesten, 2017, Abdulkadiroglu and Sénmez,
2003, Balinski and Sénmez, 1999|. Gong and Liang [2016] and Chen and Pereyra [2016]
apply the mechanism currently in use to match students to universities in the province of
Inner Mongolia in China. Although the dynamic mechanism used in that province has some
similarities to the SISU, such as the availability of tentative cutoff grades, it is in fact a
different mechanism, with different timing and incentives. Grenet et al. [2017] analyze the
system used for college admissions in Germany, which combines a sequential phase and a
direct revelation phase. In section 4.1 we show that the IDAM-+DA mechanism also presents
this combination and has good practical properties.

The other line in which this paper relates is that of the study of sequential mechanisms.
Kagel et al. [1987] show that, although the second-price auction is isomorphic to an English
auction, experiments show that behavior is significantly different when comparing both, with
truthful behavior more prevalent in the latter. Ausubel [2004] and Ausubel [2006] propose
sequential auction mechanisms for multiple (homogeneous and heterogeneous, respectively)
objects. While there are direct mechanisms which implement the same outcomes in domi-
nant strategies, the author argues that the proposed sequential mechanisms are simpler and
preserve the privacy of participants.

In a recent paper, Li [2017]| provides a theoretical justification for why some sequential
mechanisms perform better than their direct counterparts. That justification is based on
a refinement of strategy-proofness, denoted obvious strategy-proofness (OSP), in which the
realization that a certain strategy is dominant does not rely on contingent reasoning. The
author shows that a family of mechanisms, which includes the English auction, is OSP,
therefore providing a theoretical explanation for the results in Kagel et al. [1987]. When it

comes to stable mechanisms, however, Ashlagi and Gonczarowski [2015] show that there is



no OSP mechanism which yields stable matchings.?

Experimentally comparing the behavior under DA and the IDAM mechanism, Bo and
Hakimov [2016] show that the truthful equilibrium in IDAM, which produces the student-
optimal stable matching, predicts behavior better than the dominant strategy in DA, also
leading to a larger proportion of stable outcomes. Klijn et al. [2016] also present evidence in
that direction. Similarly, Kagel and Levin [2009] show experimental evidence that subjects
behave more often in line with the equilibrium prediction in the sequential mechanisms in
Ausubel [2004] than with the dominant strategy of the direct versions of it. These results
indicate that the behavior more consistent with the equilibrium prediction in these sequential
implementations is not entirely captured by the refinement proposed in Li [2017].

Other papers have evaluated non-direct iterative mechanisms for matching students to
colleges or schools. Dur et al. [forthcoming| use the fact that the school choice mechanism
used in the Wake County Public School System allows for students to interact multiple times
with the procedure as a method for empirically identifying strategic players. Interestingly,
the dynamic nature of the procedure, and the information that is made available during the
process to the participants, makes it somewhat comparable to the IDAM mechanism. A
rich series of papers also consider sequential mechanisms which implement stable matchings
in equilibrium, including Alcalde and Romero-Medina [2000], Alcalde and Romero-Medina
[2005], Romero-Medina and Triossi [2014], and Klaus and Klijn [2017]. While many of these
mechanisms implement stable allocations in equilibrium, the determination of equilibrium
strategies depends on coordination between students in a way that is significantly more
demanding than the equilibrium strategy that IDAM has, which depends solely on (partial)
information about the student’s own preferences over colleges.

Proofs absent from the main text and additional details can be found in the appendix.

2 The SISU mechanism

In 2010 the Brazilian ministry of education launched a method for matching students to
university programs, denoted SISU. The SISU system represented a significant change in the
way in which universities admitted students. First, it unified the acceptance criteria at the
universities for the seats made available through the system: instead of a different exam for

each university, a unified national exam was used. Second, students were free to apply to any

3The authors show, however, that when the preferences on one side of the market satisfy an acyclicity
condition there is an OSP stable mechanism. This is a very restrictive condition, which is not satisfied, for
example, by the college admission process in Brazil.



program in any university in the country (among those available in the SISU) for no extra
cost, whereas previously in some cases the student would have to travel to the university
premises just to be able to apply. Third, and perhaps most importantly, the centralized
system could allow a student to obtain information about which university programs would
accept her.

In the period between 2010 and 2016, the precise rules which define the SISU mechanism
were changed multiple times. The version that we will consider for analysis, due to its sim-
plicity, is the one used in the year 2010. Although later versions have different modifications,
to the best of our knowledge all the problems identified in this section are also present in the
later versions.

In the setup used in the SISU mechanism, there is a set of colleges C' = {cy, ..., ¢y} with
fixed capacities (a maximum number of students who can be matched to them) (q,, - . ., gc,, )-
Colleges rank all students based on the results of the national exam. Different colleges* may
use different weights for the various parts of the exam. For example, economics programs
could give a higher weight to the math section of the exam, while medical programs could
give a higher weight to the biology section. Denote by z.(s) student s’s resulting exam
grade in college c¢. Colleges may also have a minimum acceptance grade, representing the
minimum value of z. (s) a student s must have to be acceptable at ¢, denoted z.. Given a set
of students applying to a certain college, a commonly used information is the cutoff grade for
that college. A cutoff grade represents the lowest grade necessary to be accepted at a college,
given the set of students applying to it. When looking at the cutoff values of all colleges,
therefore, a student can infer which ones would accept her if all other students’ choices remain
constant. Before the SISU mechanism was introduced, it was common for students to see
historical values of the cutoffs for the different colleges as an indication of where they should
apply, given their information about their own exam grade or ability. One of the advantages
of the new procedure would be to allow the students to make that assessment in “real-time”
instead of only based on historical data.

The mechanism runs for four days.

e During each day ¢t = {1, 2, 3,4}, students may each choose a college to apply for. If a
student makes no choice, her last choice is used again, if any. At the end of the each of

the first three days, the following is executed, for each college c:

— If the number of students who chose ¢ and have an exam grade at that college

4In Brazil, as in many other countries, students apply directly to specific programs in the colleges or
universities. For simplicity, though, we refer only to “colleges” whenever the distinction is not necessary.



higher than z, is smaller than g., the cutoff grade ¢’ is set to z..

— Otherwise, the cutoff grade (! is set to be the ¢/* highest grade at that college

among those who chose it in that day.

o The values of ¢/ ,..., ¢, are made public.

e At the end of the fourth day, a matching of students to colleges is produced, as follows:

— For each college ¢, the top ¢. students who have an exam grade higher than z,

and chose c in the last day are matched to it.
— All students who were not among the ones above remain unmatched.

— Final cutoffs, calculated in the same way, are made public.

The definition above can be naturally extended to the case where the number of days is
any arbitrary number 7™ so we may also consider this more general definition as well.
Although the potential ability to know which colleges a student might not be matched to
before submitting their final choice seems like an interesting property, in fact that is not the

case in general, as is noted in the following remarks.

Remark 1. Choices made in the run-up to the last day may have no direct effect on the final

outcome. As a result, students have no clear incentive to make choices prior to the last day.

Of course, if some student makes a choice the day before the last and does not make a
choice on the last, her last choice will be the one considered when generating the outcome.
However, the outcome would be the same if we kept other players’ choices and that student
made her choice only on the last day. The fact that this results in no clear incentive for
students to make choices before the last day makes the information available before the

beginning of the last day, regarding which colleges are out of reach, even less reliable.
Remark 2. The cutoff values at some colleges may go down from one day to the next.

Since students may choose any college on any day, nothing prevents the cutoff values at
some colleges from going down from one day to the next. For example, consider a scenario
in which T4 = 4 and college ¢ has unit capacity. Let student s, where z. (s) = 200, be the
only student to choose college ¢ during day three. The cutoff value for ¢ made public at the
end of day three is therefore (2 = 200. If s chooses a different college on day four and no
other student chooses ¢, then (! = z,. That is, some student s’ whose grade at c is greater
than z, but lower than 200, cannot take the cutoff value at college ¢, even at the end of day

three, as an indication that she had no chance of being accepted there by the end of day four.



If the cutoff values go down from one day to another, then the use of those values as
information that guides students’ applications away from colleges at which they will not be
accepted is jeopardized. Moreover, if the cutoff values go down at some program from day
TMar _ 1 to TM* o student who may have preferred to go to that program and would be
accepted by the end of day 7™ will not do so.

Another shortcoming of the SISU mechanism is that it is subject to a new type of manip-
ulation, denoted manipulation via cutoffs, in which groups of students may induce others to
change their behavior in a way that may benefit that group. This is explored in more detail

in section 2.2.

2.1 Empirical evidence

In order to evaluate the empirical relevance of the shortcomings of the SISU mechanism
identified in the previous section, we analyze data for the selection process that took place in
January 2016. In that month, more than 228,000 seats in public universities were offered, and
a total of more than 2,500,000 students participated. The average competition, therefore,
was of more than 10 candidates per seat.

The data consists of the cutoff values for each of the 25,686 options available to the
students, for each of the four days in which students were able to make choices.” In Brazilian
universities, students apply and may be accepted to specific programs in those universities, as
opposed to joining the university as a whole. For example, a student must choose whether to
apply for the daytime economics program at the Federal University of Rio de Janeiro, or for
the night-time computer science program at the same university. Although all programs use
the same national university entrance exam, different programs may use different weighted
averages for different parts of the exam when ranking students.

In the present analysis, we are interested in whether the cutoff values decrease from one
day to another and, if so, by how much. As pointed out in section 2, a decrease in the cutoff

values points to a failure of the SISU mechanism in providing information on the programs

5The process in 2016 differs from the rules used in 2010 in two aspects. First, the seats in each program
offered by federal public universities are split into up to five different sets of seats, and eligibility to apply to
each of those sets of seats differ across students (see Aygiin and B6 [2013] for more details on the procedure).
Secondly, instead of choosing only one program per day, students were able to specify first and second choices.
Each day, DA was run based on the two submitted choices.

Finally, we note that although many programs have minimum exam grades in order for a student to be
acceptable at that program, some do not, so cutoff values are set to zero if the number of students acceptable
who chose one of these programs is below the capacity. More information on these differences can be found
in the appendix.
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Figure 2.1: Proportion of programs where the cutoff values increased, decreased or did not
change from one day to the next

to which a student has no chance of being accepted and, moreover, leads students not to
choose programs that they prefer and to which they would actually end up being accepted.
Figure 2.1 shows the proportion of the programs at which the cutoffs increased, decreased

or did not change from one day to the next. Some important facts to note are:

e The proportion of programs in which the cutoffs decreased from one day to the next is

surprisingly high.

e The proportion of programs in which the cutoffs decreased from one day to the next

increased over time.

e More than 10% of the final cutoffs were lower than those communicated to the students

on the last day in which they made choices.

In all but five of the 25,686 programs available, the cutoff values by the end of day four
were above zero. Figure 2.2 shows the histogram of the values of the cutoffs after they
increased or decreased for each day. Although we cannot say that the distributions of cutoffs
which decreased and those which increased are not distinguishable, it seems clear that the

decreases or increases are not clustered around different values of cutoffs. This indicates that
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Figure 2.2: Cutoff values after they were decreased/increased from the previous day

the problems identified with the reliability of the cutoffs are not concentrated on more or less
competitive programs.

The next question is whether the changes in cutoff grades, when they decrease, are large
enough to affect students’ beliefs and outcomes. If a cutoff decreases by a very small amount,
for example, it may be that no student could have been negatively affected by that change,
since the number of those who would be able to choose that program due to that decrease is
small or even zero.

The measure that we use to evaluate the degree to which a cutoff value decreases is
the change in the value of the empirical cumulative distribution function (CDF), for each
program, from one day to the next. For example, say that the cutoff value at program p
decreased from day 1 to day 2 from 550 to 500. If the values of the empirical CDF of the
cutoffs of program p day are 0.3 and 0.2 for days one and two, respectively, then 30% of all
program cutoff values were below the one for program p on day one, but only 20% of them
were below the cutoff value of program p on day two.

Figure 2.3 shows the frequency of the changes in the value of the empirical CDF for each

pair of consecutive days.® For the programs that had their cutoff value reduced between these

6 All changes in the value of the CDFs were negative except for one, which had a change below 0.001 and
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Figure 2.3: Change in the value of the empirical CDF for cutoff values that decreased

days, the graphs show that although the largest changes take place from day one to day two,
in all cases the proportion of large changes in the ranking is quite substantial. In fact, the
percentage of programs where the change in the value of the CDF was lower than -0.2 was
46.87%, 14.61%, and 19.39% for Day1/Day?2, Day2/Day3 and Day3/Day4, respectively.

We can therefore conclude that the daily cutoff values which result from candidates inter-
acting with the SISU mechanism fail to provide reliable information about those programs
for which a student would not be accepted, since many of them are substantially reduced

from one day to the next.

2.2 Manipulations via cutoffs

Other than the fact that under the SISU mechanism the cutoff values do not represent
reliable information regarding the chances a student has of being accepted into a college, that
mechanism is also subject to what we denote as manipulation via cutoffs. A manipulation
via cutoffs occurs when a group of students artificially increase the cutoff values of some
college, as a way to prevent applications from other students, and then in the last day
vacate those seats so that students with a lower exam grade, aware of that manipulation,
then take their places. In what follows, we will make the assumption that students have
strict preferences over the colleges, and that they follow a simple behavior: a student is said
to present straightforward behavior if in every step she chooses her most preferred college
among those which have cutoff values lower than her grade. The example below shows how

manipulations via cutoffs can happen.

Example 1 (Manipulation via cutoffs). Consider the set of students S = {s1, s2, s3, 54} and

of colleges C' = {¢y, o, c3}, each with capacity ¢; = 1 and minimum score zero. Students’

was removed from the graphs for convenience.
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preferences are as follows:

P icicocs
Py, 1c1coc3
Ps3 1 C1 C C3

P, icoc1c3

Students’ exam grades at the colleges are as follows:

c1 co | C3
s1 || 100 | 100 | 100
s9 || 200 | 200 | 200
s3 || 300 | 300 | 300
s4 || 400 | 400 | 400

Suppose that the SISU mechanism is used, and students present straightforward behavior.
The cutoff values, at the end of each day would then be as follows (remember that the cutoffs

at t = 4 represent the final allocation cutoffs):

C1 Co C3
t=1 300 | 400 | O
t=2,3,41 300 | 400 | 200

The matching produced will therefore be u:

_[a G2 G 1G]
ILL =
S3 S4 S2 81

Suppose, however, that students s; and s; modify their behavior, and act instead as

follows:

e During ¢t = 1,2, 3, student s; chooses college c3 and student s, chooses college c;.

e In day t = 4, student s; chooses college ¢; and student s4 chooses college cs.

Assuming that the other students present straightforward behavior, the cutoff values at the

end of each day would be as follows:
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c1 Co 3
t=11 400 | — —— | 100
t=21 400 | 300 | 100
t=31 400 | 300 | 200
t=41 100 | 400 | 200

The matching produced will be '

, [a o I
/1/ =
S1 S4 S2 83

Student s; is better off under p’ than under p, while s, is matched to the same college in

both cases.

In other words, manipulations via cutoffs consist of a set of students S “holding” seats
for some time in colleges and “releasing” them so that a set of students S” can take them
in the last day. In order for these manipulations to have a good chance of success, some
conditions need to be satisfied.

First of all, the set of students S¥ needs to be large enough when compared to the
capacity of the college, and their exam grades in that college must also be high compared
to other students interested in it. If the number of students in S¥ is low when compared to
the capacity of the college, the effect of them choosing that college in the value of the cutoff
may be much less noticeable. To see that, consider the case in which, at a certain day, there
are 100 students choosing college ¢, which has a capacity of 10 students, and for simplicity
assume that those students’ scores fill the range {1,2,...,100} (that is, one student has a
score 1, one has a score 2, etc). Then, given those choices, the students who will be tentatively
accepted are those with scores 91 to 100, and therefore the cutoff value in that day will be
91. Suppose that S¥ has five students, with exam grades {300, 301, 302, 303, 304}. These are,
of course, significantly higher than those of the other students. If all of them choose college
¢ in addition to the 100 students, all of them will be tentatively accepted in that day, but
the change in the cutoff value will not be as significant: it will change from 91 to 96. If the

capacity of the college was five, the change in the cutoff would instead be from 96 to 300.”

It’s not necessarily the case that the number of students in S¥ has to be equal to the college’s capacity
for the change in cutoff to be significant. Consider the case in which the exam scores of the 100 students
choosing ¢ are, instead, {252,251,250,100,99,98,...4}, and the capacity is still five. The cutoff value for
college ¢ would be 99 in that day. If S¥ has only two students, with exam grades {300,301}, them choosing
c would lead the cutoff grade at ¢ to change from 99 to 250, instead.
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Second, the students who are not in the coalition have to respond in a straightforward way
to the cutoff values in the last day. This can be considered a reasonably mild requirement.
It does not require that the other students follow the straightforward behavior in all days,
but only that they do not choose, in the last day, a college where the cutoff value is above
their grade in that college.

One may wonder how realistic the first condition is. After all, colleges typically accept
hundreds or thousands of students every year, and a coalition of hundreds of high-achieving
students performing these potentially risky manipulations does not seem realistic. In many
countries (including Brazil and China), however, students apply directly to specific programs
in the universities, so even though the universities as a whole accept hundreds or thousands
of students, the number of seats at each program is often below 100, and many times lower
than 30 or 20. Moreover, even those seats are often subdivided. In China, the seats in
each program are partitioned between seats reserved for candidates from specific provinces.
In Brazil, federal universities partition the seats in the programs into five sets of seats,
reserved for different combinations of ethnic and income characteristics. Finally, universities
sometimes offer only a subset of the total number of seats in a program through the centralized
matching process. In fact, the median number of seats offered in each option available
during the January 2016 selection process in Brazil, where more than 228,000 seats in public
universities were offered, was five.

Moreover, there is evidence that this type of manipulation takes place in real life. In the
Chinese province of Inner Mongolia, a mechanism which has some similarities to the SISU
mechanism is used to match students to programs in universities.® While the mechanism
itself has significant differences, it is also vulnerable to manipulation via cutoffs. This fact

seems to be exploited by students, as documented by China News:"

“(...) in fact, since 2008, the clearinghouse found that some high scored students
applied to a college with lower cutoff score. For example, their score allows them
to go to PKU or Tshinghua, but they chose Beijing Polytech first. On the other
hand, some other students, from the same high school often, applied to college
that their score would not allow them to go initially (...) [the| system shows that
their rank is below the capacity — so they can’t be admitted under usual terms

— however they do not revise their choices.”

8For detailed descriptions of the mechanism, see Gong and Liang [2016] and Chen and Pereyra [2016].
9Source (in Chinese):  http://www.chinanews.com/edu/2014/09-04/6562740.shtml (Accessed on
09/12/2017)
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Even more remarkably, there seems to be evidence that high schools are coordinating stu-

dents’ actions:

“(...) the clearing house noticed that, 2 or 3 min before the deadline, the ranking
of students in the system is changing — this is the evidence that high schools are

organizing their own high scored students to occupy seats for low scored students.”

3 The Generalized Iterative Deferred Acceptance Mech-

anism

In this section, we introduce the generalized version of our proposed mechanism, inspired
by the SISU, denoted the Generalized Iterative Deferred Acceptance Mechanism (GIDAM).
In this generalized version, we consider a more general setup, in which the criteria used by
colleges may be more general than one simply based on exam grades, allowing, for example,
for the use of affirmative action policies or variations in financial aid in student admissions.'”
This version also allows for the same students and colleges to be matched under different
contractual terms, as in the matching with contracts model introduced by Hatfield and
Milgrom [2005]. Finally, we also allow for students not having to only submit one choice at
a time, but also rankings over the available options.

The underlying principle behind the SISU mechanism, however, is maintained: instead
of asking students to submit a preference ranking over all the available options, students
are sequentially asked for partial information about the outcomes that they would like to
obtain, and receive information on the feasibility of those options over time. A special case
of GIDAM, which considers the same setup of college admissions presented while introducing
the SISU mechanism, is introduced in subsection 3.1.

A matching with contracts market is a tuple (S,C,T, X, Ps, F¢):

1. A finite set of students S = {s1,...,s,},
2. A finite set of colleges C' = {c1,...,cn},
3. A vector of contractual terms 7" = (t1,...,1,),

4. A set of valid contracts X < C' x S x T u {J},

10Gee, for example, Hafalir et al. [2013], Aygiin and B6 [2013], Shorrer and Sévagé [2017], Hassidim et al.
[2015], Yenmez.
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5. A list of strict student preferences Ps = (P,,,...,P,,) over X u {Z}'!, and the

respectively derived weak preferences Rg,

6. A list of college choice functions over sets of students Fo = (fe,,..., fe, ), where
for every ce C and I < X, f.: 2% — 2% {(¢,s,1),(c,s,t)} S f.(I) = s # s and
(d,s,t)e fo(I) =  =c

Forany I < X, se Sandce C,denote Iy = {(c,s',t) e[ : s = s}, I.={(c,s,t)e ] :c =},
s(I)={seS:3(¢,s,t)e I} and c¢(I) be defined analogously. We abuse notation and let
¢ (z) and s (x) be the college and student in contract x, respectively. An outcome is a set of
contracts Y € X such that Y contains at most one contract per student, that is, |Y| < 1 for
each s € §. Denote by X" the set of all outcomes. An outcome Y is individually rational if
for every student s, Y, R, and for every college ¢, Y, = f.(Y,). Define by maximum rank
function a function 7 : Z* — N U {c0} which defines, for each step t = 0,..., 7% what is
the maximal length of a ranking that a student may submit.

The GIDAM mechanism consists of the following steps:

t =0 A weakly informative signal about the set of feasible allocations is broadcast. Addi-
tionally, each student is given an individualized menu of contracts, consisting of the
contracts involving said student that colleges deem acceptable.!? Each student who is
given a non-empty menu is asked to submit an ordered list with at most 7 (0) contracts
in their menu. After all students submit their lists (or opt not to,) these are used to
perform a cumulative offer process. That is, students one at a time offer their highest
ranked contract, in the list submitted, to the college involved in it, and colleges choose
among all contracts offered, cumulatively, with their choice functions. Whenever a con-
tract is rejected, the student involved in it offers the next highest-ranked contract, if
any. The step ends whenever every student has a contract being held by a college or
had all of those in the list submitted rejected.

0 <t < TMa At the beginning of the step, a weakly informative signal about the set of
allocations that are still feasible is broadcast. Additionally, each student who doesn’t
have a contract being held by a college is given an individualized menu of contracts,

consisting of the contracts involving said student that colleges would accept, while

1Tn some places we abuse notation and use P, also over sets with only one contract. Here, (J represents the
null contract, representing a student remaining unmatched to any college. We also assume that a student’s
preference is over contracts in which she is involved and (.

12That is, these contracts would be chosen if each one of them were the only option given to the college
involved in it.
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having all contracts that were offered in previous steps still available. Each student
who is given a non-empty menu is asked to submit an ordered list with at most 7 ()
contracts in their menu. The same cumulative offer process is undertaken, as in the
previous step, where the lists submitted by the students in this and previous steps are
used to offer contracts to colleges, which are considered together with those offered in

previous steps.

TMaz or whenever the set of contracts being held by all

The process ends after the step t =
colleges doesn’t change from one step to the next. Denote that last step by T*. A formal
definition of the mechanism can be found in the Appendix.

The public signals do not play a role in the results we present, but in general they may
affect other incentives induced by the mechanism and be useful in terms of transparency. In
subsection 3.1, for example, the public signals will be the cutoff grades at each college, as in

the SISU mechanism.

Example 2. Consider a matching with contracts problem in which there are four colleges
C = {c1, 9, c3,¢4}, each with one seat available, and four students S = {sy, s9, s3, s4}. Col-
leges may accept students with or without financial aid. Colleges always prefer to accept
students without financial aid, and select them based on their grades in a single national
exam otherwise. Students’ grades in the national exam follow their indexes: s; has the high-
est grade, sy the second-higest, etc. Let the maximum rank function be such that 7 (t) = 2
for every t > 0 and TM% = oo,

The table below shows, for each student, the menu of contracts offered in the first step
(which, for all students, contain all possible contracts with colleges), and a list that is sub-
mitted by each student in the first step. We represent contracts with financial aid with the
letter F', and without financial aid with V.
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Stept =0

Student | Tentative match Menu offered List submitted
s @ o Cy Cs Cy C1 Cy
! FIN|[FIV|[FIN]|[F]N F[ |72 [F]
s @ C] CQ 03 04 01 02
2 FIN|[FIN|[F]N]|[F]N F[ |72 [F]
s @ C] 02 C3 C4 Cg Cg
s FIN||FIN| [FIN|[F]N F[ |73 v
s @ Ch Cy Cs Cy Cy Cs
4 FIN|[FIN|[F]N||F]N F[ |7+ [F]

The table below shows the menus offered in the next step, and choices that we consider

students make. Notice that the number of options in the menus offered to students sy and sy

is different. Since s4 has a low exam grade, no contract with Cy would be accepted anymore.

Also, while the student with the highest exam grade is tentatively matched to college ¢q, a

contract without financial aid is offered in the menu to student ss.

Stept =1
Student Tentative match Menu offered List submitted

C

S1 Fll (%) &)

s Cl 02 Cg 04 Cl 04

2 & INI[ Tv| [FIN[F]V [N| 72 [F]
C:

S3 |2]V @ @

S (o Cs Cy (o Cy

4 g IN|[F]N|[F]N [N] 74 [F]

In step t = 3, only student s, will be given a menu, with only three contracts. This

happens even though s; had her previous match to C; rejected. The mechanism continued

down her list submitted in step ¢ = 0 and matched her to C; with financial aid:
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Step t =3

Student Tentative match Menu offered List submitted
51 Fcr (%) 6]
S9 TN (%) 6]
S5 ClzN %] %]
51 > Cs Cy Cs . Cy
FIN|| |N F| 41 |N

Given the submitted list, the final matching is produced by the end of that step:

Step t =4
Student Final match

s Ca
1 F|
Ci

S92 |N
Cy

S3 |N
s Cs
4 Fl

The example above highlights some of the main characteristics of the GIDAM mechanism.
Students only have to submit a list when the absence of that information would not allow the
mechanism to determine where their next tentative allocation (if any) should be. Contracts
that are no longer feasible for a student are not offered in their menus, reducing the number
of options that she has to consider.

We can define a matching function that represents the outcome, u, can be defined
such that, for every ¢ € C, u(c) = f. (A" (c)), and for every = € p(c), let (s (z)) = x.
Whenever TM% = oo or there is a t < TM such that 7 (t) = o, we say that the GIDAM
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is unbounded. When GIDAM is unbounded, therefore, a student is able to express, either
over time or via a ranking in some steps, a sequence of choices over as many contracts as she
wishes.

A random outcome is a probability distribution over X. An outcome X’ € X is stable
if it is individually rational and there is no college ¢ and set of contracts X” < X such that
X" # fo (X', X" = fo (X" U X") and for every s € s (X”), zR,X.. More specifically, we say
that a student s and college ¢ form a blocking pair under X' if s has a contract in X"\ X",
A stable outcome is called the student-optimal stable allocation if every student weakly
prefers it to any other stable outcome.

In order to guarantee that the outcomes and incentives of the GIDAM mechanism sat-
isfy desirable properties, it is necessary to impose some restrictions on the colleges’ choice

functions. The first one comes from Hatfield and Kojima [2010]:

Definition 1. Contracts in X are unilateral substitutes for college ¢ under f. if there

do not exist contracts x,z € X and a set of contracts ¥ < X such that s(z) ¢ s(Y),
¢ (Y U{eh) and 2 e (Y U {, 2}).

Another condition that we use comes from Aygiin and Sénmez [2013]:

Definition 2. The choice function f satisfies irrelevance of rejected contracts (IRC) if
z¢ [ (X' v {z}) implies f (X' U {z}) = f(X') for all X’ < X and x € X\ X".

Finally, the last property that will be used was introduced in Hatfield and Milgrom [2005]:

Definition 3. The choice function f satisfies the law of aggregate demand if for all
Yez, [f(Y)<I[f(2)]

Lemma 1. Assume that for every college ¢ € C, f. satisfies IRC and contracts in X are
unilateral substitutes. Then, for every student s and 0 < t < t' < T%, if the set of contracts
in the menu given to s in step t is non-empty, then all contracts in a menu given in step t'

are also in the one given in step t.

What Lemma 1 says is that once a contract becomes unavailable for a given student,
that contract will never become available again, regardless of the strategies used by the
students. This shows that one information given by the mechanism after each step — the set
of acceptable contracts available to the student — constitutes reliable information about the
contracts which are not available anymore for a student, as opposed to the SISU mechanism.
We define a formal generalization of the “straightforward behavior” [Roth and Sotomayor,
1992] when interacting with the GIDAM mechanism:
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Definition 4. A strategy of student s € S is straightforward with respect to P* if for
every step ¢ in which a non-empty menu ¢’ (s) is offered by the mechanism, s submits a
ranking with the top k (¢! (s),t) contracts in 9? (s), ordered as in P*, where k : 2¥ x N - N
is a function such that, for every ¢, 1 < k(-,t) < 7 (¢), and k (-,t°) = [¢'" (s)|, where ¢* is
the highest value of ¢ such that 7 (t) = .

A strategy is straightforward in the GIDAM, therefore, when in every step the student
submits either her full preference over the contracts in the menu offered (whenever () is
large enough) or some truncation of her true preference. Moreover, when there are multiple
steps in which a student can submit an unbounded ranking over contracts, she should rank
all those offered at least in the last step in which that is allowed. When 7 () = 1 for all ¢,
the definition reduces to the definition of straightforward behavior in Roth and Sotomayor
[1992]: everytime the student is asked, she picks the most preferred alternative. When
students follow straightforward strategies, the outcome produced by the unbounded GIDAM

is of a well-known type:

Proposition 1. Assume that, for every college ¢ € C, f. satisfies IRC' and contracts are
unilateral substitutes. If all students’ strategies are straightforward with respect to Ps, there
18 a finite number of steps T™* after which the outcome of any unbounded GIDAM mechanism

15 the student-optimal stable outcome with respect to Pg.

The proof of Proposition 1 is based on the fact, shown in Hirata and Kasuya [2014],
that the cumulative offer process that takes place during the GIDAM mechanism is order
independent and when students follow straightforward strategies the outcome is the student-
optimal stable outcome. As a result, all combinations of such strategies yield the same result.

When colleges’ choice functions satisfy IRC, unilateral substitutes and the law of aggregate
demand, a direct mechanism that produces the student-optimal stable outcome is strategy-
proof [Aygiin and Sonmez, 2013, Hatfield and Kojima, 2010|. That is, submitting her true
preference ranking over contracts is a weakly dominant strategy for every student. One may
be tempted to conclude that this will imply that straightforward strategies, which are the
equivalent of truth-telling in this dynamic setting, are also dominant under the GIDAM
mechanism, but the proposition below shows that not only is this not the case, but that

students may not have any dominant strategy at all.

Proposition 2. A student may not have a weakly dominant strateqy under the GIDAM

mechanism.
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The reason why not following a straightforward strategy may be profitable is that, in
contrast to the case of the direct mechanism, an agent may influence others’ actions by
modifying the signals received by them. So if, for example, a student has a strategy that
depends in some way on the signals produced by one’s actions, or even on the sequence of
menus that are presented or timing of the rejection in a particular choice, that fact could
be exploited. We will show, however, that the strategy profile in which students follow
straightforward strategies constitutes a robust equilibrium. The equilibrium concept that we

use is a refinement of the Perfect Bayesian Equilibrium.

Definition 5. A strategy profile is an ordinal perfect Bayesian equilibrium (OPBE)
if, at every information set, every deviation from the equilibrium strategy is stochastically

dominated by following it.

The definition above is intentionally informal, but its formal version can be found in
the appendix. When a strategy profile is an OPBE, therefore, the probabilility of obtaining
the most preferred contract, the two most preferred contracts, the three most preferred
contracts, etc., is weakly greater when following the equilibrium strategy when comparing
to any deviating strategy, when starting from any step. Equivalently, no deviating strategy
yields a better expected utility, for any utility function that represents the students’ ordinal
preferences. For that, we consider the extensive-form game induced on the students by
the GIDAM mechanism. We will allow students to have uncertainty about other students’

preferences and exam grades. The sequence of events is as follows:

1. Step t = 0: Nature draws the values of X and P from a joint distribution f, and each

student s observes the realization of X, and P;.

2. Steps 1 < t < T™: students interact with the GIDAM mechanism. That is, in
each step t, every student s € S receives a menu of contracts and a maximum rank
value 7 (¢) and has to submit a ranking over those contracts, as in the description of
the mechanism above. At the end of the step, the public signals are observed by all

students. The mechanism terminates at some step T* < T™Ma,

3. Step T+ 1: Students are matched to their outcomes produced by the GIDAM mecha-

nism.

Our main result shows that, when facing that game, students following straightforward strate-
gies is an OPBE.
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Theorem 1. Consider a mazximum rank function © and an unbounded GIDAM mechanism
under it, and let o* be the strategy profile in which all strategies are straightforward with
respect to Ps. Then o* is an OPBE of the game induced by the GIDAM mechanism.

The proof of Theorem 1 is fundamentally based on the fact that, although the space of
deviating strategies is significantly large, they are all indistinguishable, from the perspective
of an observer, from a student following a straightforward strategy for some different prefer-
ence. This allows us to evaluate deviating strategies in all of their paths, which may include
multiple interactions that the student may have with the mechanism. Without this, it is
difficult to determine the final outcome of a generally specified deviation.'® This, however, is
not present in other iterative matching mechanisms, such as the SISU'* and the mechanism

used in Inner Mongolia.

3.1 Iterative Deferred Acceptance

Here we introduce the Iterative Deferred Acceptance Mechanism (IDAM), which is an appli-
cation of the GIDAM mechanism for the problem of college admissions tackled by the SISU
mechanism, in which the criterion used by colleges to select candidates is based solely on
their grades in an exam, and therefore acceptability may be summarized by cutoff grades. A

exam-based college matching market is a tuple (S, C, q, Ps, z, Z):
1. A finite set of students S = {s1,...,s,},
2. A finite set of colleges C' = {cy,...,cn},
3. A capacity vector ¢ = (qc,,...,qe,, ),
4. A list of strict student preferences Ps = (P;,,..., P, ) over C U {s}'°,

5. A list of vectors of exam scores z = (2(s1),...,2(S,)), where for each s € S,
2(8) = (2, (8),. .., 2, (8)), are the exam scores that student s obtained, respectively,
at college ¢ ..., ¢,. We assume that for every s,s' € S and ce C, z.(s) = z.(s') =

s =5,

6. A list of minimum necessary scores Z = (gq, e Z )

) Zem

13Tn fact, in most sequential matching mechanisms in the literature (for example, Alcalde and Romero-
Medina [2005], Triossi [2009], and Romero-Medina and Triossi [2014]) the number of times an agent interacts
with the mechanism is either exogenously given or is one in equilibrium.

14 See Remark 4 in the appendix.

I5Here s represents a student remaining unmatched to any college.
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The set of contracts, colleges’ choice functions and public signal functions are derived from

the above as follows:

e The set of valid contracts is X = {(s,¢,2.(s)):s€ S,ce C and 2.(s) = z,}. That is,
the valid contracts are between all colleges and the students who have an exam grade
at least as high as the minimum at that college. The contractual term is the exam
grade itself. Since there is only one contract between each student and college, we can
refer to the menus of contracts as simply being menus of colleges. Moreover, students’

preferences over contracts are directly derived from the preferences over colleges.

e For a given set of contracts Y, colleges’ choice functions f. select the top ¢. contracts

in Y, with respect to z. if |Y.| = ¢., and all contracts in Y. otherwise.

e The public signal function ( yields colleges’ cutoffs (the lowest exam grade in that col-
lege necessary to be chosen, given the current set of contracts being held). Specifically,
CY)=(¢, (Y),...,C,, (Y)), where (. (V) = z, when |Y.| < ¢. and (. (Y') is the ¢.'th

highest value of z. in the contracts in Y,.

It is easy to see that f., as defined above, satisfies unilateral substitutes and the law of
aggregate demand. This implies that Proposition 1 and Theorem 1 also hold for the IDAM

mechanism.

Corollary 1. If students follow straightforward strategies, the outcome of the IDAM mech-

anism 18 the student-optimal stable outcome.

Corollary 2. All students following straightforward strategies with respect to their true pref-
erences is an OPBE of the game induced by the IDAM mechanism.

Let ¢’ be the value of the cutoff of college ¢ made public in step ¢, as defined above. In

light of the definition of f., Lemma 1 leads to the following conclusion:
Corollary 3. (Cutoff grades never go down) For every 0 <t < T* and ce C, ¢ = 71

As described in section 2.2, manipulations via cutoffs consist of temporarily inflating the
cutoff value of a college and then reducing it. The corollary above implies, therefore, that

manipulation via cutoffs is not feasible:

Remark 3. The IDAM mechanism is not manipulable via cutoffs.
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It is also worth noting that, while the process that takes place during the execution of the
IDAM mechanism resembles a “worker-proposing” version of the salary adjustment in Kelso
and Crawford [1982], our results shows that, at least when students are the only strategic
agents, the process itself is an equilibrium when interactions are restricted in the way defined
by the IDAM mechanism.

4 Time feasibility

The number of steps that it takes for the GIDAM or IDAM mechanisms until it produces the
Student Optimal Stable Outcome when students follow the straightforward strategy depends
on the interaction of multiple variables, such as students’ preferences, the maximum rank
function, the colleges’ choice functions (or students’ exam grades), etc. It is very important,
however, to have some sense of how many steps that will take, what happens if the value of
T™* is not large enough, and if there are other viable alternatives to reduce the time it takes
to produce the outcome.

For the results below, we consider exam-based college matching markets where the set of
students and colleges can be partitioned as S = {Sl uS?u---uU Sk} and C = {C’l uC?uy---
where Y i ¢ < |S?| and students in S* have higher grades at colleges in C* than those not
in S°. This is consistent with situations in which college exams have math and literature
sections and students are good at either math or literature. Notice, however, that when
k = 1 this definition accommodates any market in which the number of seats in colleges does
not exceed the number of students.

One related question that we tackle in the proposition below is how “far” from a stable
matching the outcome will be if we use the bounded IDAM mechanism for a number of
steps smaller than that necessary to produce the Student Optimal Stable Matching but with
students still following the straightforward strategy. The measure of distance from a stable

matching that we use is the number of individuals involved in blocking pairs.

Proposition 3. Let, for everyi e {1,...,k}, ¢, € C* and s,58' € S, 2.(s) > z.(s) <=
2o (8) > 2o (8') and for all s € S*, ce C* and ¢ ¢ C, cP,d. If students follow straightforward

strategies then:

1. The mazimum number of steps it takes for the unbounded IDAM mechanism to produce

the student optimal stable outcome is max; {|C"|}.

2. If the IDAM mechanism runs for T* < max; {|C'|} steps, the mazimum number of
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dividuals tnvolved in blocking pairs is n — 2?21 ZZT; qg , where for each 7, q{ < q% <

RN q‘jcj| is the ordering of the capacities of the colleges in CY.

The configuration of preferences used in Proposition 3 is consistent with scenarios in which
the top preferences are mutually partitioned between students and colleges, and colleges share
the selection criteria among their top students. One example would be a college admissions
program that is based on national exams consisting of questions on different subjects and
college programs that rank the students based on their grades in those different subjects. The
stronger assumption in this case is that the partition is such that students are among the best
at only one of the subjects. For example, if the partitioning of college programs is between
medical sciences, STEM, and humanities, a student who is among the top at humanities is
not so at STEM or medical subjects.

For the case of common grades between all colleges, the result does not have to rely on

any assumption on students’ strategies.

Proposition 4. If grades are common across colleges, the mazimum number of steps it takes

for the unbounded IDAM mechanism to produce the student optimal stable outcome is m.

4.1 The IDAM-+DA alternative

One possibility that a policymaker could adopt is to use a hybrid between the iterative
mechanisms considered here and the traditional deferred acceptance, which we denote by
IDAM-+DA. It consists of running the IDAM mechanism, with students making only one
choice at a time, for a fixed number of steps, and then asking students to submit a ranking
over the remaining options available. Formally, for a given number of steps k& > 0, the
IDAM+DA is simply defined as the IDAM mechanism in which the maximum rank function
is such that for all te {1,... k}, 7 (t) =1, and 7w (t + 1) = o0.

One of the main advantages of the IDAM-+DA is that it ends after a number of steps set by
the designer: k+1. Moreover, being an unbounded IDAM, it implements the student-optimal
stable outcome in an OPBE of straightforward strategies. The additional advantage is that,
as we will show in the following subsections, these initial iterative steps done before the
“DA-like” last step will clear a large part of the market, leaving a smaller residual allocation
problem to be solved. More specifically, after the initial steps, the number of students who
still need to have their match determined, and the number of options that remain available

for those whose matches still need to be determined, are both substantially reduced.
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The IDAM-+DA mechanism has some similarities to the college admissions procedure
in Germany |Grenet et al., 2017]. In that system, there is an initial stage, which lasts
a specific number of days, in which colleges send offers to students who listed them as
acceptable. Students may accept or reject these offers, which may lead to additional offers
being sent. After that step ends, the remaining seats and students are allocated using the
college-proposing deferred acceptance mechanism [Gale and Shapley, 1962] using rankings
with limited length. While this has significant differences from the one we propose here, it
shows that policymakers are already experimenting with procedures that mix a sequential

phase which clears part of the market with a final one that is supposed to clear the rest of it.

4.2 A model with a continuum of students

In this section we introduce a model with a continuum of students and a finite number of
colleges, which allows us to obtain some approximations that can be helpful on the issue
of time feasibility. This model is based on the logit model with preferences in Ashlagi and
Shi [2014]. There is a unit mass of students. Colleges share a common grading of students:
each student’s grade is drawn from the uniform distribution with support [0, 1], and have
a minimum grade of zero. Each college has capacity ¢ > 0, and the total mass of seats is
weakly smaller than the number of students, that is, g x m < 1. Students’ ordinal preferences
over colleges are derived from a random utility model, in which a student s ’s utility from

being matched to a college c is:

Uge = AV + Ege

Students’ utilities thus consist of a common value, shared by all students (av,), where
a > 0, and an idiosyncratic shock drawn from a standard Gumbel distribution. The value of
«, therefore, functions as a parameter for the correlation of preferences: the larger it is, the
more students’ utilities depend on the common value as opposed to their idiosyncratic shocks.
For simplicity, we use a linear value function v., = (m — i). Therefore v, > v,, > - - > v,,.
Denote r; = e*i. Due to the logit utility structure, for every student, the probability that

college c¢; is the most preferred is:

Clearly, therefore, P! (cy) > P'(c3) > --- > P'(c,,). Consider now the IDAM+DA

mechanism. If students follow straightforward strategies, the number of students who apply
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to college ¢; is P! (¢;) in step t = 1. If there is a college ¢; such that P! (¢;) < ¢, therefore, the
number of students who choose ¢; (or any c;;) is smaller than the capacity, and therefore
at the end of the first step all of those colleges will have zero as their cutoff values. Suppose
here, for ease of exposition, that P! (c,,) = ¢, so that no cutoff will be zero. The cutoff value
ng will be, for those which are above zero, the lowest grade from a mass of ¢ top students

among P’ (¢;) students:

Clzl_L

P (c;)

It follows, therefore, that the cutoff values, after step ¢t = 1 are such that:

1

Coo > Gy 2 2 G,

Notice that, since Ccll is larger than all other cutoffs, this implies that all students who had
their choices in t = 1 rejected have grades below Ccll and therefore will not have ¢; in their
menus in the next step. Most importantly, Lemma 1 implies that ¢; will not ever appear in
their menus again.

Consider the cutoff values that are published after the last day of the execution of the
mechanism for each college ¢, and denote it (*. One consequence of Corollary 3 is that after
step ¢, no student with a grade above (¥ will be rejected from the last choice she made. This
follows from the fact that after a student is rejected, the cutoff value at that college must
then become higher than that student’s grade. We can say, therefore, that after step ¢ all
students with a grade above ¢ are permanently matched, and will not be presented with any

other menu during the iterative part of the IDAM+DA mechanism.

Proposition 5. Let M! be the mass of students who are permanently matched to a college
by the end of step t. Then:

e—a(m—l) (ema _ 1)
e —1

(i) M' > M' = q

(ii) For every 1 <t <m—1, AM'> AM' = ¢ (1 — e (")
Where AM?! = M —M?*. Proposition 5 shows us that each initial step in the IDAM-+DA

mechanism increases the number of students who will not have to interact with the mechanism
again because they are matched to their final match or because they will not have any chance
of getting a seat. Moreover, the marginal effect of those increases is larger in the first steps,

since AM! > AM‘*!. The following corollaries can be drawn from the proposition:
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Corollary 4. Regarding the values of M' and AM:

Mt AM?
¢ <0 and o )

oo oa >0

That is, when preferences are less correlated (and « is therefore smaller), the number
of students permanently matched in the first step is higher, whereas later steps may have
their rate of permanent matches reduced. This indicates that a great part of the advantage
of the IDAM+DA is captured in a few initial steps, and that this benefit is greater the less
correlated preferences are. The reason for this is that the less correlated preferences are, the
lower the final cutoff value of the most preferred colleges will be. Therefore, the number
of students with a grade above that is larger. At the same time, the difference between the
cutoffs of the different colleges is smaller, leading to a smaller marginal effect of the additional
steps. In the next section we show, via simulations, that this insight also applies in more

general settings.

4.3 Simulations

In this section we present the outcome of two sets of simulations. In the first set we compare
the number of steps it takes for the unbounded IDAM mechanism with one choice per step to
produce the student-optimal stable matching with the length of the rankings that students
need to submit so that, for the market in question, truth-telling is an equilibrium. This
allows us to have both a quantitative idea of how these two variables relate (time in IDAM
vs length of ranking in DA) and in which scenario each mechanism performs relatively better.
As we will show, the answer for these questions is surprisingly irregular.

In the second set of simulations, we evaluate the IDAM-+DA mechanism, which consists
of first running a fixed number of steps of the IDAM with one choice per step and then asking
students to submit a full ranking over the options remaining for each student. We show that
those initial steps of the IDAM-+DA mechanism have the effect of substantially reducing the
length of the ranking that is necessary for students to submit at the last step, making it an
attractive alternative for real-life applications. These results, therefore, generalize the ones
obtained with the model with a continuum of students in section 4.2.

The construction of the problems to be simulated follows a method similar to that applied
in Hafalir et al. [2013]. Students’ ordinal preferences are derived from utilities that each
student has over the colleges. No college is deemed unacceptable by any student. Student

s € S’s utility from being assigned to college ¢ € C' is the following:
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us (¢) =aB°+ (1 —a)6s

The interpretation of the parameters goes as follows. The utility that a student s derives
from being assigned to a college ¢ is a combination of a value that is shared by all students
(©°) and an idiosyncratic value that is unique to a student-college pair (6¢). The value
of ©°¢ could therefore be the widespread understanding of the quality of the college and
©¢ incorporate, for example, how the college’s characteristics fit the student’s particular
objectives. For each problem, and for each value of ¢ € C' and (¢, s) € C x S, ©° and O¢
are independently drawn from the normal distribution with mean zero and variance 1. The
value of «, which represents the correlation of preferences between students, is exogenously
set in the range [0, 1].

Students’ exam grades at each college follow a similar model, and the grade that student

s has at college c is:

2 (s) =pO"+(1-p)6;

Here once again, for each problem, the value of @° and ©? is independently drawn from
the normal distribution with mean zero and variance 1. The minimum grade at all colleges is
zero (that is, all students are acceptable to all colleges). Moreover, 3 € [0, 1] is an exogenous
parameter which represents the degree of correlation between a student’s grades at colleges.
Notice that when 8 = 1, students have the same exam grade in all colleges. This is the case,
for example, when the criterion used for ranking students is the grade in a single national
exam.

In each simulation performed, we set the values of the parameters (n,m,q, «, 3) (where
q is the common capacity for all colleges) and generated 20 problems, each representing
independent draws for values of the random variables. Every combination of the values
of the parameters a and £, in steps of 0.1, were used. In other words, every (a,f) €
[0,0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9, 1]2 was simulated. In every simulation, the number of
colleges (m) was 100 and every college had a capacity of ¢ = 5. The number of students was
parametrized: n = Agm, where X\ is the market balance, that is, the number of students per
seat. Different values of A allows us to see how the aggregate degree of competition between
students for seats affects the results. We used the values A € {0.5, 1.0, 1.5}.
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4.3.1 IDAM versus DA

Figure 4.1 shows, for each combination of a and [ and A, two values. In the first row of tables,
we show the number of steps that it took for the unbounded IDAM to produce an outcome.
That is, assuming that the time between each step of IDAM is set to be fixed, it represents
the total amount of time that it takes for it to end and produce the student-optimal stable
outcome. The second row shows the maximum of how far in each student’s preferences the
DA procedure had to go before producing the final outcome. That value, therefore, is the
shortest length of the ranking for DA in that problem which can guarantee that truth-telling
is a Nash equilibrium which yields the student-optimal stable outcome.

Some facts stand out. First, that the value of A\ (the market balance) have significant
qualitative impact in the outcomes. When A = 0.5, both variables present a similar behavior:
they increase with a and do not change much with 3. The fact that the number of steps in
IDAM (and similarly the maximum rank in DA) increases with the correlation of preferences
is natural: as preferences become more correlated, many students follow a similar order of
applications, with a small number of them being matched to their final allocation at each
step.

Some of the most noticeable results are observed when \ = 1, that is, the number of stu-
dents equals the number of colleges. Since all colleges and students are mutually acceptable,
every student will be matched to a college and, therefore, the mechanisms will just determine
the specific match of each student. What we will see is that the performance of IDAM and
DA are almost complementary: IDAM performs better where DA is worse, and vice-versa.
More specifically, when both preferences and grades have low correlation values, IDAM per-
forms especially badly, and DA performs best. The reason for the bad performance of IDAM
is that these scenarios are more prone to so-called rejection chains, in which one student
applies to a college, which leads to the rejection of another student, who then applies and
is tentatively accepted by another college, leading to a further rejection, etc. Since grades
are not very correlated, the fact that a student was rejected at one college does not correlate
with her being rejected at the next in her preferences, which increases the likelihood of those
cycles. When preferences are more correlated, on the other hand, the number of students
applying to a college is higher, and that competition makes it less likely that some student
will later on remove one who was tentatively matched there. As a result, when « is high,
this problem is reduced.

The performance of DA, on the other hand, has a different nature. When the values of «

are low, there is overall less competition between the students for each college. As a result, it
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is possible to satisfy students’ preferences to a great extent, matching most of them among
their most preferred colleges. When the value of g is high, though, some students have low
grades in all colleges, and will therefore end up matched to colleges with seats left empty by
other students’ choices. As a result, these students will be matched to colleges lower in their
preferences, and DA will also perform worse.

Overall, therefore, when it comes to the trade-off between rank length and number of
steps when markets are balanced, IDAM and DA excel in complementary scenarios. When
the correlation of preferences and grades are low, the execution of IDAM is extended for a
large number of steps due to a small number of students following rejection chains, whereas
in the other scenarios IDAM converges in a small number of steps, especially when grades
are correlated.

When A\ = 1.5, however, we see that while DA performs almost equally bad in most
configurations, the effect that the rejection cycles have in the low correlation of preferences
and grades is almost entirely eliminated by the increase in competition between students for
the seats.'® While this increase reduces the likelihood that a student who is rejected from a
college is accepted in the next one, it doesn’t change the fact that some students will end up
matched to less desirable ones. For the intended application of large-scale national college
admissions that use national exams, IDAM therefore presents its highest relative advantage:
competition is high, grades are highly correlated, but preferences are less correlated, due to

field and geographic preferences.

16In the Appendix we show that when the ratio of students per seat is substantially higher, with A = 5.0,
this difference is even stronger, with IDAM using a smaller number of steps while DA still needs a full ranking
to be submitted.
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Figure 4.1: Number of steps in IDAM vs maximum rank in DA

4.3.2 IDAM-+DA mechanism

In this simulation, we tested the IDAM+DA mechanism for different values of k. The sim-
ulations that we performed evaluate the following question: for a given value of k, what is
the necessary length of the rank-ordered lists that students straightforwardly submit in step
k + 1 such that the outcome will still be the student-optimal stable outcome? By comparing
those values with the length of the ranking necessary for DA to produce the same outcome,
we are able to see how each step running IDAM reduces the length of the ranking that is
necessary at the end, since DA is equivalent to the case where k = 0.

Figure 4.2 shows, for different values of 5 and A, the average length of the ranking that is
necessary for the mechanism to produce the student-optimal stable matching as the value of
« varies. That is, it shows the average ranking of the worst matching between all students,
among the options given in the final menus. The lines at the top represent the maximum
ranking of a student used while running DA. The next line shows that value after running
one step of IDAM. Especially when the market balance is larger (A € {1.0, 1.5}), the effect of
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one single step may be quite large.

The intuition behind the reason why these initial steps have a large impact on the size
of the ranking needed is the following. The length of the ranking necessary for producing
the student-optimal stable matching is derived from the worst outcome among all students.
These students are therefore only accepted in a deferred acceptance algorithm, after trying
many other colleges. That is, those students likely have lower grades and are the ones who
will see a larger reduction in the number of colleges available to them after the initial steps of
the mechanism. In other words, these initial steps have a stronger effect on the students who
have a de facto smaller set of options, given their grades and the preferences of higher-grade
students. And these students are reasons why DA needs to allow for longer rankings.

These simulations indicate that a combination of some steps of IDAM followed by a
ranking over the remaining options constitute a viable alternative for use in national college
admission processes. It combines the desirable fact that the number of steps is fixed with
the possibility that students, when asked for rankings over multiple options, are able to focus
their analysis on a smaller set of options. Finally, these gains are stronger precisely in con-
figurations present in these processes: lower correlation of preferences and higher correlation

of grades.
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Figure 4.2: IDAM+DA : Minimum ranking length in DA
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5 Conclusion

In this paper we analyze, both from an empirical and theoretical perspectives, the use of
iterative mechanisms to produce stable allocations in one-sided matching markets. We show
that a large real-life application of this family of procedures, the SISU mechanism, presents
theoretical shortcomings that significantly reduce the benefits that could be obtained by these
mechanisms, and are subject to manipulation via cutoffs. Empirical and anecdotal evidences
show that these problems are not purely theoretical and may be affecting students’ outcomes.

By introducing some modifications and generalizations to the idea behind the SISU mech-
anism, we introduced the GIDAM and IDAM mechanisms, which produce stable outcomes
in equilibrium. By combining some iterative steps with a final request for a ranking over the
remaining options, the IDAM+DA mechanism is an instance of GIDAM which uses the fact
that a few steps of IDAM may clear a large proportion of the market, providing students
with better information on the set of colleges that may actually accept them before asking
for their preferences.

We believe that there is still many paths to follow ahead in the subject of iterative stable
mechanisms. One of them, for example, is to use information that the policymaker may
have about students’ preferences, and optimize the mechanism accordingly. For example, if
it is known that a large proportion of the students will have a certain college high in their
preferences, the “adaptive” IDAM mechanism could start with a higher initial value for the
cut-off at that college, and the stable matching would still be reached, in this case with a
high probability.

Another related question would be the design of optimal menus which minimize the
amount of information requested from the students, based on the known grades distribution.
When grades are common, for example, the IDAM mechanism may obtain information on
the preference that low-grade students have over “top” colleges, but if high-grade students
are asked for their preferences earlier, it would not be necessary for this information to be

revealed.

37



References

Atila Abdulkadiroglu and Tayfun Sénmez. School choice: A mechanism design approach.
The American Economic Review, 93(3):729-747, 2003. 1.1

Atila Abdulkadiroglu, Parag Pathak, Alvin E Roth, and Tayfun Sonmez. Changing the
boston school choice mechanism. Technical report, National Bureau of Economic Research,

2006. 1.1

Atila Abdulkadiroglu, Parag A. Pathak, and Alvin E. Roth. Strategy-proofness versus ef-
ficiency in matching with indifferences: Redesigning the nyc high school match. The
American Economic Review, 99(5):1954-78, 2009. 1.1

José Alcalde and Antonio Romero-Medina. Simple mechanisms to implement the core of

college admissions problems. Games and Economic Behavior, 31(2):294 — 302, 2000. 1.1

José Alcalde and Antonio Romero-Medina. Sequential decisions in the college admissions
problem. Economics Letters, 86(2):153 — 158, 2005. 1.1, 13

Itai Ashlagi and Yannai A Gonczarowski. No stable matching mechanism is obviously
strategy-proof. arXiv preprint arXiv:1511.00452, 2015. 1.1

Itai Ashlagi and Peng Shi. Improving community cohesion in school choice via correlated-
lottery implementation. Oper. Res., 62(6):1247-1264, 2014. 4.2, A.4

Lawrence M Ausubel. An efficient ascending-bid auction for multiple objects. The American
Economic Review, 94(5):1452-1475, 2004. 1.1

Lawrence M Ausubel. An efficient dynamic auction for heterogeneous commodities. The
American Economic Review, 96(3):602-629, 2006. 1.1

Orhan Aygiin and Inécio B6. College admissions with multidimensional reserves: the brazil-

lian affirmative action case. Working paper, Boston College, 2013. 5, 10

Orhan Aygiin and Tayfun Sénmez. Matching with contracts: Comment. The American
Economic Review, 103(5):2050-2051, 2013. 3, 3

Michel Balinski and Tayfun Sénmez. A tale of two mechanisms: student placement. Journal
of Economic Theory, 84(1):73-94, 1999. 1.1

Péter Bir6. University admission practices — hungary. MiP Country Profile 5, 2011. 1.1

38



Inacio Bo and Rustamdjan Hakimov. Iterative versus standard deferred acceptance: Exper-

imental evidence. Working paper, 2016. 1, 1.1

Li Chen and Juan Sebastidn Pereyra. Self-selection in school choice. ECARES Working
Papers, 2015. 1

Li Chen and Juan Sebastian Pereyra. Time-constrained school choice. ECARES Working
Papers, 2016. 1, 1.1, 8

Yan Chen and Onur Kesten. Chinese college admissions and school choice reforms: A theo-
retical analysis. Journal of Political Economy, 125(1):99-139, 2017. 1.1

Yan Chen and Tayfun Sénmez. School choice: an experimental study. Journal of Economic
theory, 127(1):202-231, 2006. 1

Tingting Ding and Andrew Schotter. Learning and mechanism design: An experimental test

of school matching mechanisms with intergenerational advice. Working Paper, 2017. 1

UM Dur, Robert G Hammond, and Thayer Morrill. Identifying the harm of manipulable
school-choice mechanisms. American Economic Journal: Economic Policy, forthcoming.
1, 1.1

D. Gale and L. S. Shapley. College admissions and the stability of marriage. The American
Mathematical Monthly, 69(1):9-15, January 1962. 1.1, 4.1

Binglin Gong and Yingzhi Liang. A dynamic college admission mechanism in inner mongolia:

Theory and experiment. Working paper, 2016. 1, 1.1, 8

Julien Grenet, Yinghua He, and Dorothea Kiibler. Early offers and preference formation in

college admissions. Mimeo, 2017. 1, 1.1, 4.1

Guillaume Haeringer and Flip Klijn. Constrained school choice. Journal of Economic Theory,

144(5):1921-1947, 2009. 1

Isa E Hafalir, M Bumin Yenmez, and Muhammed A Yildirim. Effective affirmative action in
school choice. Theoretical Economics, 8(2):325-363, 2013. 10, 4.3

Avinatan Hassidim, Deborah Marciano-Romm, Assaf Romm, and Ran I Shorrer. “strategic”

behavior in a strategy-proof environment. Working paper, 2015. 1, 10

39



John William Hatfield and Fuhito Kojima. Substitutes and stability for matching with
contracts. Journal of Economic Theory, 145(5):1704-1723, 2010. 3, 3, A.4

John William Hatfield and Paul R. Milgrom. Matching with contracts. The American
Economic Review, 95(4):913-935, 2005. 3, 3

Daisuke Hirata and Yusuke Kasuya. Cumulative offer process is order-independent. FEco-
nomics Letters, 124(1):37-40, 2014. 3, A4

John H Kagel and Dan Levin. Implementing efficient multi-object auction institutions: An
experimental study of the performance of boundedly rational agents. Games and Economic
Behavior, 66(1):221-237, 2009. 1.1

John H. Kagel, Ronald M. Harstad, and Dan Levin. Information impact and allocation

rules in auctions with affiliated private values: A laboratory study. Econometrica, 55(6):
1275-1304, 1987. 1.1

Alexander S. Kelso and Vincent P. Crawford. Job matching, coalition formation, and gross
substitutes. Econometrica, 50(6):1483-1504, 1982. 3.1

Onur Kesten. School choice with consent. The Quarterly Journal of Economics, 125(3):
1297-1348, 2010. 23

Bettina Klaus and Flip Klijn. Non-revelation mechanisms for many-to-many matching: Equi-
libria versus stability. Games and Economic Behavior, 104:222 — 229, 2017. 1.1

Flip Klijn, Joana Pais, and Marc Vorsatz. Static versus dynamic deferred acceptance in
school choice: A laboratory experiment. Technical report, Barcelona GSE Working Paper
Series, 2016. 1, 1.1

Shengwu Li. Obviously strategy-proof mechanisms. American Economic Review, 107(11),
2017. 1.1

Joana Pais and Agnes Pintér. School choice and information: An experimental study on
matching mechanisms. Games and Economic Behavior, 64(1):303-328, 2008. 1

Parag A Pathak and Tayfun Sonmez. School admissions reform in chicago and england: Com-
paring mechanisms by their vulnerability to manipulation. American Economic Review,

103(1):80-106, 2013. 1.1

40



Alex Rees-Jones. Suboptimal behavior in strategy-proof mechanisms: Evidence from the

residency match. Games and Economic Behavior, forthcoming. 1

Antonio Romero-Medina and Matteo Triossi. Non-revelation mechanisms in many-to-one
markets. Games and Economic Behavior, 87:624 — 630, 2014. 1.1, 13

Alvin E Roth and Marilda A Oliveira Sotomayor. Two-sided matching: A study in game-
theoretic modeling and analysis. Number 18. Cambridge University Press, 1992. 3, 3

Ran I Shorrer and Sandor So6vagd. Obvious mistakes in a strategically simple college-

admissions environment. Working paper, 2017. 10

Matteo Triossi. Hiring mechanisms, application costs and stability. Games and Economic
Behavior, 66(1):566 — 575, 2009. 13

Bumin Yenmez. A college admissions clearinghouse: Design and theory of many-to-many

matching. Working paper. 10

41



A Appendix

A.1 Formal definitions
A.1.1 The generalized iterative deferred acceptance mechanism (GIDAM)

For any I < X, define A, (I) = {xe X\ :z€ f.(Iu{z})} and AS(I) = A.(I) nY;. We
denote by A2 (I) the set of available contracts for s at ¢ under I. The interpretation of
this is simple: a contract is available for student s at ¢ under I if college ¢ would choose to
accept that contract while holding the set of contracts I.

Consider a college matching with contracts market (S, C, T, X, Ps, F), a maximum num-
ber of steps T € N U {0}, a maximum rank function 7 : Z* — N u {0}, a public
signal set ©, and a public signal function ¢ : 2¥ — 6. The generalized iterative
deferred acceptance mechanism (GIDAM) proceeds as follows:

e Stept=0: Let L= 5, S® = &, and for every ce C, A° (¢) = . Make ¢ (&) public.

17

e Step 0 <t < TMaz;

— (a) Let St ={se Lt Pre X,,ceC:aze f. (A" (c)} . If n(t) # oo, for every
s € S, let the menu of contracts presented to s be ¢ (s) = | J oo AS (A (¢)) u{}
if s € S* and ¥ (s) = & otherwise. If 7 (t) = oo, for every s € S, let the menu of
contracts presented to s be ¥ (s) = ..o AS (A () U {T} .

— (b) If 7 (t) = oo, request each student s € L7 to submit a ranking of any size of
elements in 9 (s). If 7w (t) # o0, request each student s € S* to submit a ranking
with at most 7 (¢) elements in ¢’ (s). Let, for every student s', P!, be the ranking
submitted. For every student s” such that ¢! (s") = & , let P%, = P, " and, for
all ce C, B%(c) = A" (¢). Start with 7 = 0 and let £* = £~

% Sub-step 7 = 0: Some student s in £, who does not have a contract being
held by any college, proposes her most-preferred contract with respect to P!
which has not yet been rejected, z. If x = &, remove s from £’ and from
further consideration. Otherwise, college ¢ (x) holds z if x € A.(B7), and
rejects © if x ¢ A.(B7). Let B™" (¢) = B (c) u {z} and for all ¢ # ¢,
BT (d) = BT (¢).

1"Notation clarification: £! is the set of students who are still active at the begining of step ¢, and S* is
the set of students who are active and do not have any contract being held by a college at the beginning of
that step.
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x Repeat the process above until no student is able to propose a new contract.

Let 7* be the last step into that process.
— (c) For each college ¢, let A* (¢) = B™ (c) .
— (d) If for every c € C it is the case that A’ (¢) = A" (c), stop the procedure.

— (e) Otherwise, make ¢ (|, A" (¢)) public, and proceed to the next step.

e Denote by 7™ the last step executed in the procedure. Let X* = (] . fe (AT* (c)) X*
is the outcome of the GIDAMprocedure.
A.1.2 Extensive-form game formulations and equilibrium concept

Fix a set of colleges C and their choice functions Fz. The extensive game form G induced

by the GIDAM mechanism is a tuple (S, H, ®, P, O, &, 7) consisting of:
e A finite set of players S = {sy,...}.
e A finite set of actions A = {a4,...}.
e A list of preferences over random outcomes P = (P, ...).
e A maximum rank function 7 : N — N.

e A set of finite histories H, which are a sequence of actions with the property that if
(ai)le € H, then for all ¢ < k, (ai)le € H. The null history, hg is also in H.

e At history hg, nature draws the value of (X, P) from a joint distribution &, and each
student s observes the realization of X and of P;. The distribution £ is common

knowledge.

e Let Z be the set of terminal histories, that is, if h € Z where h = (a,-)le, then there is no
W e H,with h' = (a});_, where £ > k and for alli < k, a; = a}. Then (a;,)f_, € Z — k

1=

modn=20.

e ® is a player function. ® : H\Z — S.'® There exists an ordering of the players
(s1,...,sn) such that, for all h € H such that |h| < n, (k) = s.""

8For simplicity, we only allow one player per history. This is without any loss of generality.
19That is, the first n actions consist of player s; playing first, s, second, and etc.
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~ Let ()", € H, where k > 1. If (a,)"*" € H, then ® ((ai)k ) s ((ai)H").QO

i=1 i=1

e For each student s, Z; is a partition of h : & (h) = s . Define ¢ ((%)L) as the list
of public signals that result from the sequence of actions in (ai)le and 1, <(ai)f:1> as
the sequence of menus of contracts presented to student s after that same sequence of
actions. Define H} = {(a,-)le €eH:k modn=fandk~n=t-— 1}, and let h,h' €
H!. The histories h = (a;)f_, and &' = (a})¥_, belong to the same member of the

)

partition Z;, if and only if:

— |h| mod n = |A'| mod n,
= ¢(h) = C(h),
— Y, (h) = s, (h/)7

— a; = al for all ¢ such that i mod n = /¢ .

e A(h) are the actions available at h € H. For every h; € Hf, the set of actions depend
on whether, given the history of actions until step ¢ of the GIDAM mechanism, student
s = ® (h;) is offered a non-empty set of contracts, in which case A (h;) is the set of the
ordered list of the contracts in 9" (s) with at most 7 (¢) elements, or not, in which case
we denote A (h;) = {{}, where <) is simply a placeholder for an action when no action
is requested from the student. We abuse notation and denote, for any I; € Z,, A (I;) to
be A (h;) for any h; € I; (remember that by definition all histories in I; have the same

set of actions associated with them).

e A strategy for player s is a function o, (-) that assigns an action in A (I;) to each

information set I; € Z,.%?

e The outcome function O assigns, to each strategy profile o = (og,,...,0,,), a ran-
dom outcome that results from following the histories that result from following those

strategies in the GIDAM mechanism, given each realization of X and P.

20This, combined with the previous item and the condition on terminal histories, implies that every player
plays every n actions once.

21That is, two histories belong to the same set of the partition if the student’s preferences are the same
and the history of publicized sets of acceptable contracts was the same, and the actions taken by that player
were also the same.

22We restrict our analysis to pure strategies.
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Since our solution concept will demand that students’ strategies are rational at all possible
information sets, we will need to consider how students’ strategies act at each subgame. We

first define a subgame:

Definition 6. A subgame of the game G at non-terminal history h = (ai)le, for he H\Z
is a game |G|, = (S5|,, H|, , ®|,, P, ,0)|<G|, = (5|, H|,,, ®|,, P|,,m, O)> (we may also

abuse notation and let G|; = G|, when h € I;) where:

o H|, = {h’z (a’)ﬁ;k where [ > k and (al,...,ak_l,az,...,a;)GH}

o S|, ={seS:®(N)=sfor some h' € H|,\Z}

®|, : H|, — S|, such that for all #’ € H|,, where /' = (a})\_,, and ®|, (h) =

i

O (ay,...,a5-1,0,-..,a;)

For each s € S|,, Ps|, satisfies, for all #',h" € H|, :

/ " / / " "
h' Py|, h' — (a1,...,ak-1,05,...,0;) Ps(a1,...,ap_1,0q),...,a;))
e The weak preference R,|, is defined accordingly.

Finally, let o, = (o4, ,-.., 0s.],) be the strategy profile o restricted to the subgame
G|,. We can define analogously a subgame in terms of an information set instead of a single
history. Let ¢t* be the highest value of ¢ such that 7 (t) = co. We will consider situations in
which students present straightforward behavior. Therefore, we can define a straightforward

strategy accordingly:

Definition 7. A strategy o, of student s € S is straightforward with respect to P* if
for every t , hl € H! and o, (hl]z (s),P*) = { if A(hL) # {O}. Otherwise, o, (hi|z (s), P*)
consists of the 7* most preferred contracts in A (h'), ordered according to P*, where 7% <
7 (t), and 7* = |A (h%)| when ¢ = t*.

Let A and B be two random outcomes. We denote by >, the first-order stochastic
dominance relation under P;. That is, A >, B if for all v € C' U {s}, Pr{A(s) = v'|[v'Rsv} =
Pr{B(s) = v'[v'Rsv}. A belief system w is a collection of probability measures, one for
each information set. Moreover, denote by O, (¢), the random outcome induced by the

strategy profile ¢ and belief system w in game G.
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Definition 8. A strategy profile o together with a belief system w is an ordinal perfect

Bayesian equilibrium (OPBE) of a game G if:

(i) For every I; € Z, and s € S|, O, (04, U_S|h>G|1i > O, (0L, U_S|h)G|1i
(ii) Let Pr(h|o) be the probability that history h is reached, given o. The belief
system satisfies the following property, for any information set I; that is reached
Pr(h|o)

with positive probability, and h € I;: w(h) = S BT

A.2 Other properties of the SISU mechanism

One interesting property of the IDAM mechanism, is that although the combination of strate-
gies that students may use is much richer than that of straightforward strategies, the sequence
of interactions that the students have with the mechanism cannot be distinguished from in-

teractions that result from all students following straightforward strategies.

Lemma 2. Fiz a realization of Ps and z, let 0 = (0g,,...,0s,) be a strategy profile and
h a history that results from that strateqy profile up to some step t. There is at least one
strateqy profile o*, where every student follows a straightforward strategqy with respect to some

preference profile P*, which also results in history h up to step t.

Lemma 2 can be derived from intermediate results of the proof of Theorem 1, and is

ommitted. This result does not hold for the SISU mechanism, however.

Remark 4. There are sequences of actions that students may take under the SISU mechanism

that cannot be produced by any profile of straightforward strategies.

To see why Remark 4 is true, consider a student who has the highest grade in colleges
c1 and co, and on day 1 chooses college ¢1, on day 2 chooses c;, and day 3 chooses c; again.
This sequence of actions is not possible under the IDAM mechanism, cannot be the result of
a straightforward strategy (since in all steps both colleges are available to her), but can take
place under the SISU mechanism.

As the proposition below shows, this results on the fact that all students following the

straightforward strategy is not necessarily an equilibrium under the SISU mechanism.

Proposition 6. The strategy profile in which all strategies are straightforward may not con-

stitute a Nash Equilibrium of the game induced by the SISU mechanism, for any value of
TMax’
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Proof. Consider the set of students S = {s1, so, $3, 84} and of colleges C' = {¢y, ¢o, c3, ¢4}, each

with capacity ¢; = 1 and minimum score zero. Students’ preferences are as follows:**

Py 1cicqc3c
P522C1C2C3C4
Py

3 - C2C3 C1 Cy

P, ic3c1 000y

Students’ exam grades at the colleges are as follows:

c1 Co C3 4

s1 || 300 | 200 | 100 | 100
s9 || 200 | 400 | 200 | 200
s3 || 100 | 300 | 400 | 300
s4 || 400 | 100 | 300 | 400

If all students follow the straightforward strategy, students’ choices over time are the

following:
t=1|t=2|t=3|t=4|t=5
S1 C1 C1 C1 C1 Cy
52 1 C2 Co Co Co
S3 Co Co C3 C3 C3
Sy C3 C3 C3 C1 C1

Notice that in step ¢ = 5, all students’ choices are accommodated. Therefore, even if
the SISU mechanism runs for more than five steps, students following the straightforward
strategy would keep their choices. Therefore, the matching produced would be the following,

which is the student-optimal stable matching:

Ci Cy C3 (4
ILL fd
S4 S2 S3 81

Therefore, for any 7™ > 5, the outcome of the SISU mechanism, when students follow
the straightforward strategy, is . Without loss of generality, let TM9* = 5. Suppose that

student sq, instead of choosing c¢; in the first and second steps, chooses ¢4 and then, from

23This example is based on Example 1 in Kesten [2010].
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step t = 3 on, follows the straightforward strategy. Then students’ choices over time will be

as follows:
t=1|t=2|t=3|t=4|t=5
S1 Cy Cy C1 C1 C1
So C1 C1 C1 Co Ca
S3 Co Co C2 C2 C3
54 C3 C3 C3 C3 C3

= €1 G2 C3 (G4
s1 82 S3 I

Student sy, therefore, is matched to her most preferred college, as opposed to the case

when she follows the straightforward strategy. m

The proof of Proposition 6 is based on the fact that when students follow straightforward
strategies (as well as during the execution of the DA algorithm), there may be rejection
cycles. That is, in some step a student s chooses a college which makes another student, who
becomes tentatively rejected, change her choice, and so on, until some other student ends up
making it impossible for s to be matched to the college she chose in the first place. When
that is the case, one thing that s could do is “postpone” her choice, so that the rejection cycle

does not reach her before step 7M.

A.3 The SISU 2016 procedure

The procedure used during the 2016 version of the SISU selection process has two differences
when comparing with the 2010 version, described in section 2: the presence of affirmative
action quotas and the fact that, instead of choosing only one program in each step, students

were able to choose a first and a second option.

A.3.1 Affirmative action quotas

Due to a federal affirmative action law, many of the programs offered in the SISU have their
seats split into five sets: Q5,7, Qrry Qrir @t and Q¢ with capacities ¢f;, 451, Qs> T a0d
q° , respectively. A student may apply to only one among these in a program, but eligibility
to apply to each of those depend on her status as a low-income student, as a student who is

a racial minority and whether she studied in a public high school:
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e Only candidates who studied in a public high school, belong to a racial minority, and

provide evidence of belonging to a low-income household may apply to a seat in ()5,

e Only candidates who studied in a public high school and provide evidence of belonging

to a low-income household may apply to a seat in ()5, ;,

e Only candidates who studied in a public high school and belong to a racial minority

may apply to a seat in ()5,

c
ma?

e Only candidates who studied in a public high school may apply to a seat in @
e Any candidate may apply to seats in Q°.

The cutoff values that are published by the SISU mechanism are calculated, for each set of
seats in each program, exactly the same as described in section 2. The cutoff for the seats
in @,y in step t is the ¢,,;th highest exam grade in the program among those who applied
to the set of seats @),,;. It is easy to see, therefore, that if cutoffs go down, students who
would have ultimately been eligible for those seats may believe that they would now not be

accepted into that program.

A.3.2 First and second choice

Differently from the procedure used in 2010, in 2016, in each step, students were asked to
indicate a first and second choice among the available sets of programs.?* The cutoff values

calculated at the end of each step were based on the execution of the following algorithm:

1. Consider all students’ first and second choice as being their preferences over C. That
is, if student s submitted c¢; as her first choice and ¢y as her second choice, her full

preference are considered as being ¢ Pyco Pss .

2. Using programs’ preferences responsive to exam scores, let u¢ be the outcome of the

college-proposing deferred acceptance algorithm.

3. For each program c such that ‘,utc (c)‘ < ., let the cutoff for that step ¢! be z,, that is,

the minimum exam grade for acceptance at c.

24More precisely, the students could choose two programs, first and second choice, and only one option
among the options sets of seats described in section A.3.1 in each. For example, the first choice could be the
seats reserved for low-income minorities in program c; and the second choice would be the seats reserved for
low-income non-minorities in program cs. Since for the purpose of the analysis of the effect of the availability
of these two choices this fact is not relevant, we will consider simply the students’ choices over programs.
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4. For each program c such that mtc (c)! = ., let the cutoff for that step ¢’ be Mine,c (o) Ze (s),

that is, the lowest exam grade at ¢ among those in u¢ (c).

It is easy to see that the procedure in 2010 is the same as the one described above with the
difference being that instead of using two choices as the student’s preference one considers
instead a preference in which a student considers only one college acceptable. Our objective
in this section is to show that the problems associated with the fact that cutoff grades go
down are also present in the version of the mechanism used in 2016.

Since students can only submit two colleges, it is still the case that the students have to
carefully consider which one to submit, since she may end up not matched to any college.
What is left to evaluate, however, is whether a student would always be able to be accepted
at a college which has a cutoff value lower than her grade at that college.

Consider an exam-based college matching market (S, C, q, Ps, z, Z), let P§ = (P¥, P_;) be
a preference profile where P} differs from P in that college c* € C is deemed as unacceptable
for s and let € be the college-optimal stable matching for the exam-based college matching
market (S, C,q, P&, z, Z). Suppose that € is blocked, with respect to Ps, by s and c¢*. We
want to show that the college-optimal stable matching u* for the market (S, C, q, P&*, z, Z),
where P&* = (P**, P_;) and P** is the preference for s in which only college ¢* is acceptable,
is such that u“* (s) = c*.

To see that this is the case, consider the college-proposing deferred acceptance procedure
for the market (S,C,q, P&, z,Z) and college ¢*. At each step of the deferred acceptance
procedure, college ¢* proposes to the top ¢.+ students, who had not yet rejected c*, with
respect to z.+. Let T% be the number of steps in the algorithm until the matching u¢ is
produced. The set u© (c*) consists of the top students in S, with respect to z.+, who did not
reject ¢* at some step. Since p¢ is blocked by s and c*, either ‘ u€ (c*)‘ < e+ or there is a
student s’ € u® (c*) such that z. (s) > zex (s).

Suppose that the statement is false, that is, that the college-optimal stable matching
p€* under the market (S, C,q, P&*, 2, Z) is such that s ¢ p®* (¢*). Since offers made by
colleges during the college-proposing DA are not withdrawn, it must be that college ¢* does

* a “more preferred” set of

not make an offer to s, implying that college ¢* has under u®
students than under x©. Now consider the deferred acceptance steps in (S, C,q, P&* 2, Z)
compared to those in (S,C,q, P&, z,Z), and consider the first step at which the proposals
and rejections are different. These differences can only happen if student s rejects colleges
considered acceptable under P* but unacceptable under P/*. That is, they come from the

fact that student s will reject a set of colleges weakly larger than under PF. This implies
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that those colleges will make offers that are further down in their ranking. Those further
rejections will also, at each step, weakly increase the set of students who reject offers from

P44

colleges. That is, in terms of colleges’ “preferences,” they are weakly worse off. But this

contradicts the assumption that s ¢ u“* (¢*) and s blocking u¢ with c*, since it would be

* in order not to make

necessary for ¢* to obtain a more preferred set of students under ;“
an offer to s.

Therefore, the result above shows that if a program has a cutoff value that is below a
student’s grade in that program, the student would be able to get accepted at that college by
modifying her preference, putting that program as her top choice. Similarly, if the cutoff is
higher than that student’s grade, that student would never receive an offer from that college
during the deferred acceptance procedure.

We can therefore conclude that the problems associated with the possibility of a reduction
in the cutoff values described in section 2 are also present in the 2016 version of the SISU

mechanism.

A.4 Proofs

Proposition 2

Proof. For this proof we consider an exam-based college matching market and an IDAM
mechanism with 7 (¢) = 1 for all ¢. Consider the set of students S = {s1, $2,s3} and of
colleges C' = {cy, ¢, c3}, each with capacity ¢; = 1. Student s;, who will be the player to
whom we will show no dominant strategy exists, has preferences c; Ps, c2 Ps, c3, and students’

exam grades at those colleges are as follows:

c1 co | cC3
s1 || 100 | 100 | 100
S92 || 200 | 200 | 200
s3 || 300 | 300 | 300

Suppose now that, conditional on the realized preferences and grades of student s;, student
s3 follows a straightforward strategy with respect to the preference c3P3coP3c;. Notice that
we are not stating those are the preferences of student s3, we are simply assuming that she
will follow the straightforward strateqy with respect to P®. Next, we consider two strategies for
student sy and show that no strategy is a common best response for these two possibilities.

Scenario 1
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Suppose that student s,’s strategy is the following: in t = 1, choose c3. If at some later
point s, is asked again to make a choice, she will choose the college with the highest cutoff
value at that step among the options available. In case of ties, she will choose the college
with the lowest index number (for example, the index number of ¢ is 2). We will show that,
given sy and s3’s strategies, the best response involves first choosing ¢;. The sequence of
steps will be as follows:

Step 1: Student s; applies to cy. Students s, and s3 apply to c3. Student s, is rejected.
Cutoffs (¢2, ¢, ¢2,) are (0,100, 300).

Step 2: Since Ccl2 is the highest cutoff among the colleges offered to so, student s, applies
to ¢o. Student s; is rejected. Cutoffs (¢2,¢2,¢2) are (0,200, 300).

Step 3: Student s; is left with two options: choose ¢; or s. If she chooses s she will
remain unmatched. If she applies to ¢;, she will be accepted. Final cutoffs ( 31, 22, 33) would

then be (100,200, 300) and the outcome would be the matching y" as follows:

€1 C2 C3
M:
S1 S22 S3

Student s; can therefore be matched to her most preferred college by first choosing cs.
We now show that by choosing first ¢; or c3, s; will always be matched to a strictly inferior
college. First, let her choose ¢; first:

Step 1: Student s; applies to ¢;. Students s, and s3 apply to c3. Student s5 is rejected.
Cutoffs (¢, ¢, ¢,) are (100,0,300).

Step 2: Since Ccll is the highest cutoff among the colleges offered to so, student s, applies
to ¢;. Student s; is rejected. Cutoffs ( 31, 622, 023) are (200, 0, 300).

Step 3: Student s; is left with two options: choose ¢y or s. If she chooses s she will
remain unmatched. If she applies to ¢, she will be accepted. Final cutoffs (¢3¢, ¢2) would

then be (200,100, 300) and the outcome would be the matching y' as follows:

;[ C€1 G2 C3
“ =
S2 51 53

If s1 chooses c3 first instead, the following will happen:
Step 1: Students sy, so, and s3 apply to c3. Students s; and sy are rejected. Cutoffs
(¢L.¢L.¢l) are (0,0,300).

Step 2: Following her strategy and the fact that college ¢;’s index is lower than c,, student

s9 applies to ¢;. Student s; has three options: choose also ¢; and therefore be rejected and
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left to choose between ¢, and s in step t = 2, choose ¢y or choose s. In all cases she will
either end up remaining unmatched or matched to cs.

Scenario 2

Now suppose that student s, follows a similar strategy to scenario 1, but where instead of
applying to c3 and then to the college with the highest cutoff value, she applies to the college
with the lowest cutoff value, once again breaking ties based on the index of the college.””
Following an exercise similar to the one above, it is easy to see that student s;’s strategies
that involve choosing first ¢y or c3 will lead her to either be unmatched or be matched to ¢,
while choosing ¢; will match her to ¢;, her most preferred college.

Since every best response strategy under scenario 1 is dominated by different strategies
in scenario 2, we have shown that a student may not have a weakly dominant strategy of the

game induced by the IDAM mechanism, and as a consequence also the GIDAM mechanism.

]

Proposition 3

Proof. Since students follow straightforward strategies, a student s € S* will only apply to
colleges that are not in C? if the cutoffs at all colleges in C? are above her exam grade.
Moreover, since for every i the number of students who prefer any college in C* to any college
not in O is at least as big as the overall number of seats in these colleges, by the end of the
execution of the IDAM mechanism all seats in those colleges will be occupied by students in
St and students in S* who are not matched to colleges in C? will be left unmatched (even
though some of them may be tentatively accepted at some step during the execution of the
mechanism). From the perspective of a student in S, therefore, a seat in a college in C*
which is being occupied by a student not in S? is equivalent to an empty seat.

Consider any ¢ € {1,...,k} and let ¢! < ¢} < -+ < q\icq be the ordered capacities of the
colleges in C*. We will denote by {Si, (S Sfcw Sﬂ} the partitioning of the students in S°
where S} are the top ¢} students in S in colleges C*’s preferences, S5 are the top ¢} students

after those in S? in colleges C"’s preferences, etc. and S° are the students in S? below the

ci|l .
top > j’-:1| q; students. By Proposition 1, when students follow straightforward strategies the

25 Although the strategies used in this proof for student s, may seem very arbitrary, they can be rationalized
by two simple stories. Student ss’s strategy in scenario 1 is consistent with a student who knows that her
top choice is ¢z but that has some uncertainty about which one between c¢; and c5 is her second choice, and
sees the cutoff grade as an indication of how competitive acceptance is at those colleges and therefore sees
the perceived quality of those. The strategy in scenario 2 could be rationalized by a student who once again
knows that her top choice is ¢3 but that would otherwise prefer to go with a college with low-achieving peers,
and uses the low cutoff as an indication of that fact.
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final outcome of the GIDAM mechanism is the student-optimal stable matching. We will use

the following Lemma:

Lemma 3. Let all students present straightforward behavior with respect to the preference
profile P and p be the matching produced by the IDAM mechanism. If a student s blocks p

with some college ¢, then p(s) = s.

Proof. If the IDAM mechanism is run for enough steps, Proposition 1 implies that u is stable
and therefore no student blocks p with any college. Consider now the case in which the

TMaz is smaller than that, and suppose that there is a student s and a

number of steps
college ¢ where cPsp (s), pu(s) = ¢ and student s and college ¢ block u. Since u (s) = ¢, then
at some step t* < T*, s chose college ¢’. Since s and ¢ block g, it must be that (7™ < z.(s).
By Corollary 3, gg* < CZ*. Therefore, in step t* both colleges ¢ and ¢ were available to s

but she chose ¢’. A contradiction with straightforward behavior with respect to P. ]

By Lemma 3, at any step in which there are blockings, those involve students who are
not tentatively matched to any college. The number of students who are involved in a block
is therefore maximized when the number of students tentatively accepted to a college in any
step is minimal.

Consider now step t = 1. Since every college in C? has at least ¢! seats, every student in
St will be accepted at any college in that step. There is one case in which all other students
will be rejected, though: if all students in S? choose the same college with capacity ¢} in
step t = 1. In that case, |S?| — ¢¢ students in S? will be tentatively unmatched by the end of
step 1, and therefore if the GIDAMmechanism runs for just one step, that is, the maximum
number of students in S? who will be involved in blocking pairs. The same argument will
follow at ¢t = 2: given that the students in S are all matched to a college with capacity ¢¢,
the number of students who are tentatively unmatched by step t = 2 is maximal when all
the remaining students in S® choose a college with capacity gs.

If we consider all the colleges and students, this process will take place in parallel at
each element of S = {Sl uStu--uU Sk} and C' = {C’l uC?u--- U Ck}. That is, by the
end of step 1, the maximum number of students involved in blocks in S is |St| — ¢i, in S?
is |S?| — ¢, etc. The result therefore extends to a maximum of n — 25:1 3T ¢! students
involved in blocks.

Finally, if we consider the maximum number of steps that it takes until the student-
optimal stable matching is produced, we can ask about which preferences from the students

minimize the number of students who are matched to their final allocation at each step.
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That is, by minimizing the number of students matched to their final allocation we allow
for the maximum number of students who can still make choices. Here it is easy to see
that the preferences considered above, in which all students apply to the colleges in order
of increasing capacity, is also the one that at each step matches the minimal number of
students to their final allocation. The overall process will in that case end when the last set
in {S‘lc”, SECQ‘, . 7S\kck|} is matched to their final allocation. That will therefore be the one

with the largest number of colleges. Thus, the maximum number of steps is max; {|C?|}. O

Lemma 1

Proof. First, note that if ¥ (s) = ¢ then the statement is true. Suppose, for contradiction,
that ¥" (s) # & and the statement is false. Then there is a student s € S, 0 <t <t < T*
and a contract z* € X such that x* € ¥ (s) but a* ¢ 9! (s). Since, for any I’ < X,
A.(I) < I., we can separate the violation of the lemma into the contracts available for a

student from a single college. There is, therefore, a college ¢ such that:

e A (Atl (c)) but z* ¢ A7 (A (c))

By construction, for every c e C, A’ (c) < A" (c). Therefore:

ot e A (At’ (€) u [At’ (c)\A! @)]) but 2* ¢ A2 (A (c))

And given the definitions of A% and A.:

v e fo (A @ U [AT @\ (@] L (7)) but st ¢ (4 () L (o)

We need to consider three cases: (i) z* ¢ A (c) u A (c), (ii) 2* € A'(c) and (iii)
z* € A" (¢)\A! (). Cases (i) and (ii): In both cases, z* ¢ [A" (¢)\A!(c)]. Since f. sat-
isfies IRC, f. (4’ (c) u [AY (¢)\A! (¢)] U {z*}) = f.(A*(c) U {z*}). But this contradicts
z* ¢ f.(A'(c) u {z*}). Case (iii): Here we will use the following claim, which can easily
be derived from the definition of unilateral substitutes:

If contracts are unilateral substitutes for college ¢ under f., there does not exist contract
z € X, and sets of contracts Y < X\X, and I < X\X; such that z ¢ f.(Y u{z}) and
ze fo(Yulu{z}).

Denote by I* = [A* (¢)\A! (¢)]\ {z*}. Then:

vt e fo (A () u T U {a™}) but a* ¢ f. (A" () U {2*})
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By IRC and the fact that f. chooses only one contract per student:

2" € fo ([A"(0\X,] U [IM\X ] U {a"}) but 2* ¢ fe (A" (c) \ X v {2™})

Following the claim above, this contradicts the assumption that f. satisfies unilateral

substitutes, finishing the proof. O

Proposition 1

Proof. First, note that given the description of the unbounded GIDAM mechanism and
Lemma 1, every time a student is asked to submit a ranking, the set of contracts available
under the GIDAMmechanism is weakly smaller. Moreover, for any ¢,t and s € S such that
0<t<t <T* ' (s) # & and ¥ (s) # &, it must be that the set of contracts in ¥* (s) is
a strict subset of 1f (s), since at least the highest ranked contract submitted by student s in
step t must have been rejected by step ¢'. Therefore, in every step the set ¥ (s) is strictly
smaller for at least one student. Since X is finite, GIDAM will end and will produce an
outcome after a finite number of steps.

Next, notice that regardless of which straightforward strategy students use, in all of them
students will offer contracts following the order of their preference, perhaps only skipping
those which would not be held by the college associated with the contract, and that the
outcome will be produced when every student either chooses ¢, or has a contract held by a
college or reaches the end of the last ranking submitted. By Hirata and Kasuya [2014], if the
choice functions used by the colleges satisfy unilateral substitutes and IRC, this (cumulative
offer) process will produce the student-optimal stable matching regardless of the order in
which doctors are called to offer contracts, as long as the order in which each student offers her
contracts follow their preferences over them. Different straightforward strategies may imply
different orders in which students offer contracts, but not the fact that students follow their
own preference until the end.”® Therefore, the outcome of the GIDAM mechanism, for any

profile of straightforward strategies, will always be the student-optimal stable matching. [

26Technically speaking, under the cumulative order process students will always offer contracts following
their preference, even those which would not be accepted by the college in the contract. Since choice functions
satisfy IRC, however, this is equivalent to a process that simply skips those contracts that would not be
accepted (and are, therefore, not part of the menus offered to the students under the GIDAM mechanism).
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Theorem 1

Proof. We use the extensive game notation introduced in the Appendix A.1. Consider some
history h € H. Given other players’ strategies o_g, the history that results from the strategy
profile (o, 0_5) consists, as described in the definition of the GIDAMmechanism, of a series
of steps in which each student has either only the action < or some menu of options ¥’ (s)
and a maximum rank 7 (t). Therefore, given our strategy profile and student s, we can write
down a list of pairs of menus given to student s and her submitted ranking.

Say that the sequence of menus offered and actions chosen for a student s up to history

h are as follows:

((ha"), (% a%),.... (¢ )

For simplicity, and without any loss of generality, assume that the sequence above has
removed from the list the pairs (¢, ). We show below that menus given to students never

include contracts present in any ranking submitted in previous steps.

Claim. If contract  is in af, then for every ¢’ such that ¢ > ¢, x ¢ 9" (s).

Proof. Let ¢ = c(x). If ¥ (s) = {&}, the claim obviously holds. Therefore, we consider the
case in which both ¢ (s) and 9" (s) have a positive number of contracts available. Since z is
in a', x € ! (s). Also, since x € a and the fact that 1 (s) # {<{}, it must be the case that
all the contracts in a are in AY~! (¢) (otherwise the GIDAM mechanism would still use the
ranking a’ in step ¢'). Also, by the definition of the GIDAM, #y € X;,ce C : y € f. (A" (c)),
and in particular z ¢ f. (A*~'(c)). Therefore, z ¢ ¢" (s). O

Therefore, there is no repetition of contracts in a’, i = 1,...,t. We will abuse notation
and use a’ to represent the student’s choice both as a ranking and as a set of contracts.
Denote 9" = 9%\ UE:Z o/ and X = X,\ {}. We will show that this sequence could have
been generated by a straightforward strategy of a student with a preference relation in the

following class of preferences:*”

XY Ry ol Prl\g2 Ry o® PP 2\W2 Ry Ry a' PPyt

The notation above includes a class of strict preferences because some of its elements

(X P\l i\y?, etc) consist of (possibly empty) sets of contracts. Any strict preference

2"Note that this class of preferences does not necessarily include all the preferences that are compatible
with the choices made.
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derived from some ordering over the elements of each of those sets belongs to the class of
preferences that we are referring to. We will refer by P to some arbitrary element of those
preferences. The claim below implies that each preference in that class is complete over the

set of contracts and that no contract appears more than once.

Claim. ' < ¢t c ... <y € X, , and o' n ¢! = & for all i, j.

Proof. First, note that ¢! =\ U§:1 a’. Since by definition ¢! is nonempty, a! < ¢!, and
since by definition 1 < X, it follows that ¢! < X,. By the definition of ¢! and Lemma 1,
Y* < k1. Therefore:

e = () v et (’“ U )

Consider now any k > 1. By definition, all contracts in a*~! are in ¥, and by the first

claim in this proof, no contract in a*~! is in ¥*. Therefore:

et =t ol = (M) ) )\ (el = et o (05 eR) et

That is, ¢*" = ¢*F o ((Y*"\¢*)\a""!), which implies that ¢* < ¢*'. Finally, for
every j = i, it comes from the definition of ©/* that a/ n¢" = (¥. Suppose instead that there
is a i > j such that @’ n ¢! = I, for some non-empty set of contracts I. In that case, the
definition of 1¢ implies that I < *. But in that case, we have that the contracts in I were
submitted in a ranking by the student in step j and was available in the menu in step j > 1,
which contradicts the first claim in the proof.

Now, take some of the menus that were offered, 1!. We now show that for all a € 1

where a ¢ a’, a' P*a. For that, it suffices to show that:

¢ t—1
a € U a; v UW,\W,H Ut
j=i+1 j=i
That is, we will show that a must be at some element to the right of those in @’ in the

definition of P*. Since a ¢ o', this is equivalent to:

1
aelJay ol Ju i ot
j=i

7=t
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Since we defined ¢ = "\ U;Zl a’, we can rewrite the condition as:

t—1
aey"\YLu| Jel\ o Yl
—_— =
() (i) (i)
Suppose not. Then a cannot be in (i), (i7) and (44i). By (i), it must be that a ¢ ¢\’ .
Since a € ¢, that implies a € ¥ . By (i), since a ¢ ¥ \¢»"*!, it must then be that a € 1"
This reasoning can be repeated until finding that it must be that a € ¢* . But that is (i),

which leads to a contradiction. O

The sequence ((¢1,a'), (¥2, a?),..., (¥ al)) is consistent with student s having a pref-
erence over contracts P¥ and following a straightforward strategy that, up in each step k£ < ¢
submits a ranking with the top |ak ‘ contracts, among those available, with respect to her
preference.

This implies that, since all other students follow straightforward strategies, every devi-
ating strategy for student s is outcome-equivalent to following a straightforward strategy
for some preference over contracts that is not necessarily that student’s real preference P;.
Proposition 1, therefore, shows that the outcome produced will be the student-optimal sta-
ble matching with respect to the preference profile (P, P_5). Theorem 7 in Hatfield and
Kojima [2010] shows that since colleges’ choice functions satisfy unilateral substitutes and
the law of aggregate demand, submitting a true ranking is a dominant strategy when using
a direct mechanism. In light of the result above, when other students follow straightforward
strategies, any deviating strategy for s is outcome-equivalent to a deviating strategy in the
direct mechanism, and as a result is not profitable.

We have two more steps to follow. One is to consider the fact that the definition of
OPBE implies that no deviation is profitable starting from any information set. Obviously,
any deviation may be outcome-relevant when starting from an information set in which a
student receives a non-empty menu. Let t be the first step in which student s is given a
non-empty menu while using the deviating strategy. It is easy to see that the continuation
game is equivalent to one in which all contracts that were rejected at some step before t are
removed from X .?® Therefore, everything said above also holds when starting from that step.

The last step is to show that deviating strategies are stochastically dominated by stratight-
forward ones under this equilibrium. Since we focus on pure strategies, the only source of
uncertainty is the draw of P and X that takes place in history hg. The fact that a truthful

28This will not change the continuation choices by colleges due to the fact that they satisfy IRC.

29



ranking is a dominant strategy of the direct mechanism that yields the student-optimal stable
matching implies that, regardless of other students’ preferences (and the set of contracts X),
the outcome that a student obtains by using the true preference is always weakly better than
any other strategy. In particular, this implies that following any straightforward strategy will
give her her most preferred contract whenever there exists a strategy that yields that while
the realization of other students’ preferences makes it possible. Also, due to the strategy
dominance in the direct mechanism, straightforward strategies will always match a student
with the second most preferred contract whenever X and other students’ preferences are
such that the first is not possible and the second is for some strategies. This can be done
for every contract in the student’s preference, and proves that any straightforward strategy

stochastically dominates any deviating strategy. m

Proposition 5

Proof. By the end of each step t, a mass M"' = 1 — (¥ of students, who have grades in the

*

o 1] are permanently matched to some college. This is the case because by the end

range [
of step t all colleges ¢y, ..., ¢ have their cutoffs equal to their final values. The expression

for M" can be found in the proof of Theorem 3 in Ashlagi and Shi [2014]:

M= (- 1)q+ 2,

Tt

At each step t, for every college in {c,...,cy,}, a positive mass of students with grades
in the range [0, :t], applies to that college, there will also be those who have grades that
are above the final cutoff for that college. Therefore, the expression above is a strict lower-

bound on the mass of students who are permanently matched. Consider now the expression
Mt+1 _ Mti

Tt+1

1 1 i
:q - T
(7"75+1 Tt) Z ’

Jj=t+1

t+1 t_ a g S L
Mt — Mt = <— n) D=
j=t+1

If we open the values of r;, we get:

q (e_o‘”t“ — e_o“”) (eVtHt 4 2 4 ) =
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=q (60 + ea(vt+2—vt+1) + ea(vt+3—’vt+1) +oox ea(vm—vt+1) _ ea(vt+1—vt) _ ea(vt+2—'vt) L ea(vm_vt))

Replacing the values of v; with (m —t), we get:

2a a(m—t—1)  _—« —2a . efa(mft))

g +e“+e 4+ +e e —et— ..

Therefore, the expression for M1 — M? is:

ML Mt = q (1 _ 6—a(m—t)>

. of Mt+1_ e
Notice that w

according to the above-mentioned reasoning in the first step is:

> 0. Finally, the expression for those permanently matched

Zm: T e—a(m—l) eme 1
Y= SR k ( )q
T e —1
So:
oM' e D (i — 1 4 ™ — me®)
O 1 (e« — 1)
Since m > 1, €™ > me® and 6%1 < 0. m
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A.5 Additional simulation data

A.5.1 Number of steps in IDAM vs maximum rank in DA when market balance
is 5.0
Figure A.1: Number of steps in IDAM vs maximum rank in DA
A.5.2 Detailed results for simulations of the IDAM-+DA mechanism
\ IDAM(0 + o) IDAM(1 + o) IDAM (2 + o) IDAM (3 4+ o)
Al 0.5 1.0 1.5 0.5 1.0 1.5 0.5 1.0 1.5 0.5 1.0 1.5
o
0.0 2.1 12.8 | 100.0 | 0.45 8.9 69.3 0.1 745 | 49.7 0.0 6.6 35.6
0.1 2.35 | 17.75 | 100.0 | 045 | 12.55 | 70.9 0.2 |1045|5145| 0.0 9.45 | 36.25
0.2 3.3 296 | 100.0 | 1.2 208 | 73.8 | 0.85 | 16.85 | 52.7 | 0.25 | 14.55 | 38.0
0.3 5.1 |55.25 ] 100.0 | 2.3 413 | 773 | 1.35 | 33.05 | 56.8 1.0 276 | 41.8
0.4 795 | 787519995 | 445 | 62.8 | 82.1 | 3.15 | 4945 | 61.65 | 2.4 41.8 | 45.35
0.5 134 | 954 | 99.95| 84 | 82.75 | 86.8 5.6 69.3 | 69.05 | 3.8 59.2 | 53.3
0.6 20.4 | 98.5 | 100.0 | 14.85 | 89.15 [ 91.35| 9.6 | 77.35| 76.7 6.5 | 66.65 | 61.7
0.7 29.6 | 99.2 | 100.0 | 24.85 | 92.65 | 94.0 | 1855 | 83.45 | 83.85 | 13.35 | 74.15 | 71.25
0.8 38.25 1 99.85 | 100.0 | 35.0 | 95.8 | 96.2 | 29.95 | 90.25 | 90.25 | 25.15 | 82.65 | 82.05
0.9 456 | 99.95 | 100.0 | 43.25 | 97.45 | 97.35 | 40.55 | 94.45 | 94.55 | 37.1 | 90.45 | 90.2
0.10 50.0 | 100.0 | 100.0 | 48.0 | 98.0 | 98.0 | 47.0 | 97.0 | 97.0 | 46.0 | 96.0 | 96.0

Table 1: Simulations of IDAM (k + o) results when § = 0.0 and 0 < k < 3
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| | IDAM{4+x) | IDAM(B+w) | IDAM(6+o) [ IDAM(7+ x)
A 05 [ 10 [ 15 [ 05 [ 1.0 [ 15 ] 05 [ 1.0 [ 1.5 [ 05 [ 1.0 | 15
87

0.0 00 | 61 |2545| 0.0 | 565 [18.85| 0.0 | 54 [1325] 0.0 [ 50 [ 9.55
0.1 0.0 | 865 |2595| 0.0 | 7.65 | 19.1 | 0.0 | 7.0 | 13.1 | 0.0 | 6.85 | 9.6
0.2 00 | 12.8 | 266 | 0.0 |11.65| 19.0 | 0.0 |10.85| 129 | 0.0 | 10.0 | 9.2
0.3 0.55 | 23.7 | 29.9 | 0.25 | 21.0 | 21.05| 0.15 | 19.1 | 145 | 0.1 | 17.8 | 10.1
0.4 1.5 |36.15 | 33.7 | 1.15 | 30.9 | 23.65 | 0.95 | 272 | 16,5 | 0.7 | 24.2 | 11.05
0.5 26 | 50.2 | 402 | 2.0 |43.95|29.75| 1.6 | 38.2 |20.65 | 1.3 | 334 | 1385
0.6 46 | 57.15 | 48.25 | 3.35 | 49.75 | 36.7 | 29 | 434 |27.55| 1.95 | 38.0 | 19.1
0.7 9.95 | 64.75 | 59.25 | 6.6 | 56.3 | 47.65 | 4.9 | 49.4 | 37.1 | 3.7 |43.55 | 28.1
0.8 19.65 | 74.75 | 72.6 | 15.45 | 66.8 | 62.5 | 12.05 | 59.1 | 53.15 | 9.15 | 52.7 | 43.95
0.9 33.8 | 86.25 | 85.35 | 29.6 | 80.55 | 79.05 | 25.7 | 74.95 | 73.15 | 22.35 | 69.1 | 65.95
0.10 45.0 | 95.0 | 95.0 | 44.0 | 94.0 | 94.0 | 43.0 | 93.0 | 93.0 | 42.0 | 920 | 920

Table 2: Simulations of IDAM (k + o) results when § = 0.0 and 4 < k <7

| | IDAM@B+x) || IDAM(O+ o) || IDAM(10+wx) |

A 05 | 10 | 15 [05 [ 1.0 [15] 05 | 1.0 | 15
(07
0.0 00 [ 48 [ 705 |00 [ 45 [ 51 ] 00 | 43 | 34
0.1 00 | 64 | 70 | 0.0 | 63 |515| 0.0 | 6.05 | 3.45
0.2 00 | 92 | 685 | 0.0 | 85 | 49 | 00 | 815 | 3.3
0.3 0.05 | 16.8 | 7.05 | 0.05 | 15.95 | 5.05 | 0.0 | 14.85 | 3.2
0.4 055 | 221 | 74 | 03 | 199 | 47 | 0.15 | 1845 | 3.0
0.5 1.05 | 294 | 9.1 | 0.8 |26.65|5.45 | 0.55 | 24.55 | 3.45
0.6 1.7 | 3345 | 124 | 1.3 | 29.6 | 7.95| 1.15 | 26.5 | 4.15
0.7 2.95 | 3845 | 205 | 22 | 332 |13.6 | 1.75 | 29.1 | 83
0.8 6.8 |46.55|34.55 | 5.1 | 41.1 | 27.1| 3.9 |36.05| 20.3
0.9 18.75 | 63.75 | 59.35 | 15.4 | 58.0 | 52.6 | 13.05 | 52.9 | 45.85
0.10 41.0 | 91.0 | 91.0 | 40.0 | 90.0 | 90.0 | 39.0 | 89.0 | 89.0

Table 3: Simulations of IDAM (k + o) results when 8 = 0.0 and 8 < k£ < 10
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| | IDAM(O+x®) [ IDAM(1+%) | IDAM(2+x) [ IDAM(3+ x)
A 05 [ 10 [ 1505 [ 10 ] 1505 ] 10 ] 15 ] 05 ] 10 [ 15
0%
0.0 2.3 | 60.3 |66.35| 0.45 | 2545 | 29.0 | 0.05 | 13.6 | 1495 | 0.0 | 7.05 | 8.1
0.1 2.9 | 67.9 | 72.65| 0.65 | 30.1 |33.65| 0.0 |1585| 182 | 0.0 | 9.3 | 9.65
0.2 4.0 |89.05|8285| 1.1 |46.55 | 44.0 | 0.35 | 25.85| 24.2 | 0.05 | 15.0 | 14.3
0.3 6.0 | 91.7 | 89.05 | 1.75 | 55.7 | 54.2 | 0.95 | 33.5 | 32.65 | 0.45 | 20.8 | 19.85
0.4 9.75 | 97.35 | 95.0 | 3.65 | 68.7 | 67.65 | 1.95 | 44.35 | 44.3 | 0.95 | 29.4 | 28.65
0.5 17.25 | 97.85 | 98.1 | 9.25 | 76.75 | 78.7 | 4.15 | 54.15 | 57.6 | 2.4 | 38.1 | 40.55
0.6 24.0 | 98.95 | 99.45 | 15.2 | 83.9 | 87.05 | 8.05 | 66.35 | 69.4 | 4.45 | 50.85 | 54.2
0.7 33.05 | 99.65 | 99.5 | 25.9 | 90.25 | 91.45 | 17.6 | 76.95 | 79.2 | 11.1 | 63.85 | 66.65
0.8 40.3 | 99.9 | 99.9 | 36.05 | 94.25 | 95.3 | 29.95 | 87.0 | 88.75 | 23.35 | 77.95 | 79.9
0.9 46.45 | 99.95 | 99.95 | 43.9 | 96.85 | 97.05 | 40.45 | 93.05 | 93.8 | 36.65 | 89.05 | 89.5
0.10 50.0 | 100.0 | 100.0 | 48.0 | 98.0 | 98.0 | 47.0 | 97.0 | 97.0 | 46.0 | 96.0 | 96.0
Table 4: Simulations of IDAM (k + o) results when § = 1.0 and 0 < k£ < 3
| | IDAM(@4+x) || IDAMG+®) [ IDAM(6+x) | IDAM(7+x) |
A 05 ] 10 [ 15 ] 05 10 ] 15|05 ] 10| 15 [05] 1.0 | 15
(0%
0.0 00 | 425 | 47 | 00 | 25 | 26 | 00 | 1.7 | 1.7 | 0.0 | 1.05 | 0.85
0.1 00 | 61 | 57 | 00 | 345 | 345 | 00 | 235 | 21 | 00| 1.3 | 15
0.2 00 | 905 | 84 | 0.0 | 525 | 51 | 00 [325| 34 |00 | 19 | 25
0.3 00 | 132 |1225| 0.0 | 795 | 765 | 0.0 | 48 | 535 | 0.0 | 285 | 3.3
0.4 0.75 | 19.8519.25 | 0.2 | 13.2 | 133 | 0.1 | 86 | 875 | 0.05| 595 | 6.0
0.5 1.35 | 27.6 | 28.25 | 0.55 | 19.1 |20.55 | 0.15 | 13.55 | 15.3 | 0.05 | 9.55 | 10.3
0.6 2.65 | 38.55 | 41.55 | 1.55 | 29.85 | 31.0 | 1.1 | 22.6 | 2355 | 0.9 | 16.95 | 18.6
0.7 715 | 52.8 | 55.15 | 4.6 | 424 | 44.75| 2.85 | 35.25| 36.2 | 1.8 | 28.6 | 29.15
0.8 17.55 | 68.65 | 70.8 | 12.65 | 59.8 | 61.65 | 9.25 | 52.35 | 54.3 | 6.75 | 45.05 | 47.05
0.9 33.05 | 83.85 | 84.6 | 28.9 | 78.7 | 78.9 | 24.75 | 73.05 | 73.95 | 21.8 | 67.7 | 69.0
0.10 45.0 | 95.0 | 95.0 | 44.0 | 94.0 | 94.0 | 43.0 | 93.0 | 93.0 | 42.0| 92.0 | 92.0

Table 5: Simulations of IDAM (k + o) results when f = 1.0 and 4 < k <7
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| IDAM(@B+x) || IDAM9+x) | IDAM(10+ ) |

0.5 1.0 1.5 0.5 1.0 1.5 0.5 1.0 1.5

v

0.0 0.0 [ 065045 ] 00 [ 025] 025 ] 0.0 | 015 | 0.0
0.1 0.0 | 095 | 0.9 0.0 | 045 | 0.3 0.0 0.2 0.1
0.2 0.0 1.3 1.5 00 | 065 | 0.7 | 0.0 0.3 | 045
0.3 0.0 | 1.95 | 245 | 0.0 1.5 1.7 | 0.0 0.8 | 1.25
0.4 0.05 | 4.3 | 4.1 0.0 29 | 295 | 0.0 | 1.85 | 1.95
0.5 0.05 | 635 | 7.1 0.0 | 465 | 505 | 0.0 | 345 | 3.55
0.6 0.3 [1295| 13.2 | 0.1 9.2 | 10.0 | 0.05 | 6.9 | 7.75
0.7 1.3 | 226 | 23.6 | 1.05 | 189 | 194 | 0.65 | 14.8 | 15.5
0.8 465 | 39.5 | 404 | 3.35 | 33.8 | 34.95| 24 | 294 | 29.65
0.9 18.25 | 62.25 | 63.75 | 15.25 | 57.25 | 58.95 | 12.65 | 52.95 | 54.2
0.10 41.0 | 91.0 | 91.0 | 40.0 | 90.0 | 90.0 | 39.0 | 89.0 | 89.0

Table 6: Simulations of I DAM (k + o) results when § = 1.0 and 8 < k < 10
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